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Preface

The third conference on Symmetry and Perturbation Theory (SPT2001) took
place in Cala Gonone, a small village on the beautiful eastern coast of Sardinia,
on 6-13 May 2001. This followed the conferences of the same title held in
Torino! in december 1996 and in Roma? in december 1998.

The conference was attended by over 50 mathematicians, physicists and
chemists, and was a nice occasion to have interdisciplinary discussion involving
rather different communities; we hope that the reader of these proceedings will
find within this volume some remnant of the relaxed and fruitful atmosphere
we enjoyed in Cala Gonone, and we trust he/she will find plenty of useful
information on the advancement of research in this field, or better said in the
different fields at whose crossroads symmetry and perturbation theory sit.

In order to respect the interdisciplinary character of the conference, we
avoided to separate the papers into specialized sessions, and just collected
them in alphabetical order (by author’s name}.

We also give, together with the conference program and the list of par-
ticipants, the list of papers appeared in the proceedings of previous SPT
conferences.

In the course of the conference we had a special session devoted to Louis
Michel — who died on 30 December 1999 — and his influence on the subject of
the conference, organized by his collaborator and friend Boris Zhilinskii. This
session has seen, after a speech by Boris on Louis’ life and work, the talks of
Yuri Gufan, James Montaldi, Dimitrii Sadovskii, and Joshua Zak. On the one
hand, it would have been natural to put these talks in a special section of these
proceedings; but on the other hand, a cursory look at the table of contents will
show to anybody slightly familiar with the work of Louis that it would be very
reductive to confine his influence to this special session. The words written by
Boris on ”"Symmetry, Perturbation Theory, and Louis Michel” suitably close
this volume stressing the influence of Louis in the field.
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GEOMETRY AND DYNAMICS OF HYPERELLIPTICALLY
SEPARABLE SYSTEMS

SIMONETTA ABENDA
Dipartimento di Matematica ¢ C.LR.A.M., Via Saragozza 8, {0123 Bologna BO ,
ITALY
E-mail: abenda@ctram.ing. unibo.it

In this paper we focus on the Jacobi-Mumford system and its generalizations.

Many classical integrable systems (like the FEuler, Lagrange and
Kowalewski tops or the Neumann system) as well as finite dimensional re-
ductions of many integrable PDEs share the property of being algebraically
completely integrable systems?. This means that they are completely inte-
grable Hamiltonian systems in the usual sense and, moreover, their complex-
ified invariant tori are open subsets of complex Abelian tori on which the
complexified flow is linear. To such systems the powerful algebro—geometrical
techniques may be applied.

However, the requirement that complexified invariant tori are complex
Abelian tori is extremely restrictive and does not include most of Arnold-
Liouville integrable systems with algebraic first integrals, the simplest example
being the geodesic flow on a triaxial ellipsoid in its natural coordinates? as
well as certain reductions of integrable PDEs®5,

The geodesic flow on the triaxial ellipsoid and finite dimensional reduction
of the Harry-Dym hierarchy are typical examples of hyperelliptically separa-
ble systems with deficiency!-2, that is real completely integrable Hamiltonian
systems whose generic complexified invariant manifolds are open susbsets of
n—dimensional strata of (generalized) hyperelliptic Jacobians (or their cover-
ings). Moreover, we require the existence of coordinates on the {generalized)
Jacobian of which n evolve linearly in time and are locally a maximal system of
independent coordinates on the stratum. Deficiency is the difference between
the dimension of the (generalized) hyperelliptic Jacobian and the dimeusion
of the stratum. In particular, an integrable system is both hyperelliptically
separable and algebraically completely integrable if and only if its deficiency
is zero.

We now present some geometrical and dynamical properties of hyperellip-
tically separable systems starting with the classical Neumann system (see for
instance Moser!? and references therein) of a point mass on the N—dimensional
unit sphere SN = {q = (@1, ...,qv+1) € RV . g+ ~+q12v+1 = 1}, subject

1
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to the quadratic potential U = va";l a,q,, where a1 < -+ < an4+1. The
system may be put in Hamiltonian form H(p,q) = 3(p2+ - +pn+1)+UP (q),
where p = (p1,...,Pn+1) is the conjugate vector momentum to q (and we
use the canonical Poisson structure). The Neumann system is a completely
integrable system in the sense of Arnold-Liouville’, that is possesses a suf-
ficient number of indepedent first integrals in involution, which we denote
co(p,q) = H(p,q),...,cn-1(P,q), and whose expressions may be obtained
from (1) and (4) below. Let

e fo q
- 1 A - a," — A - a;
L(’\) = (I)(’\) = N+1 z1-'\'(.;.1 @p ) (1)
iDi
—1_§A—a, _Z;/\—a,-
0, 1
. N+1
AN = , 2
) A+ ) (0 - aigd), O @
=1
with
N+1
o)) = [ (A —ay). (3)

i=1
Then the Neumann system may be put in Lax form
d - -
ZE0) = LX), AQ)].
Moreover, upon fixing the constants of motion cp,...,cn, the characteristic
equation
det(L(X) — pI) = —-&()) (co+ard+--+eng AV = AY) — 2 =0, (4)
with I = diag(l,1), defines a genus N hyperelliptic curve I' (for definitions
and properties, see Siegel'®).
An alternative description is the following one. Let us introduce the
spheroconic change of coordinates
&= (@i — A1) - - (@i — An)
' Hj;éi (a: — a;)

Then the Hamiltonian takes the Staeckel form”
1o @O\ )2 + AV

2 = M (e = )

(5)
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with u; conjugate momentum to Ag, and, upon fixing constants of motion,
the equations of motion take the form of Abel-Jacobi differential equations

Aed), A dy
2v/R(\) 2/R(\W)

where R(A) = —®(\)(co + -+ + en—1AV "t = AV} and p? = R()), is again
the affine part of the hyperelliptic curve I" found in (4). It is easy to check
that the N differentials appearing in the left hand side of (6) form a basis
of the holomorphic differentials associated to the hyperelliptic curve T' (for
definitions and properties see Siegel'?).

Moreover, coordinates (Ar,p1),---, (AN, un) are points on the curve I'
and the complete image of the N-symmetric product of ', M), through the
Abel-Jacobi map

= Ok, N-1dt, k=0,...,N-1, (6)

N isi) Z\b—1g)\

= .-;/uo,uo) 2/E)

with (Ao, po) fixed basepoint, is the Jacobi variety of ', Jac(I'). Then compar-
ing (6) and (7), we conclude that the closure of the generic complexified invari-
ant manifold is the complex Abelian torus Jac(I') and that the flow evolves lin-
early in time on such complex torus, since d¢; = --- = dpn_1 =0, dony = dt.
Following Adler and VanMoerbeke?, we call the Neumann system algebraically
completely integrable or, following Abenda and Fedorov!, hyperelliptically
separable with deficiency zero.

The above construction can be repeated for any hyperelliptically separable
system with zero deficiency, as originally shown by Mumford'' in the odd
case (the terms odd and even mean that s is respectively odd or even in
p? =II_,(A — &), ). Since the Neumann system is “odd”, we just briefly
recall the Jacobi-Mumford construction in this case.

Mumford found expressions of coordinates and translationally invariant
vector fields on the 3N + 1-dimensional bundle 7 over the 2N + 1-dimensional
base of odd hyperelliptic curves of genus IV, I, parametrized by the coefficients
of their affine part,

k=1,...,N, )

2N+1
r. w@=rW=J]0-e), 8
=1
whose fibers are open subsets of the Jacobi variety Jac(I'). Indeed, let
U =AN + UMV 4. 4+ Uy,
V(A) = VlAN_l + -+ VN, (9)
W) = AV L WoAN + ...+ W
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Then the morphism, 7 : C3¥+! 5 C2N+! (defined as
R(A) =x(UN),V(A),WQ) =UNWQ) +V3(N),

associates the coefficients of a convenient hyperelliptic curve (8) to any choice
of coefficients in (9) and the preimage, 7~!(R), is an open subset of Jac(T').
Finally, Mumford constructed N commuting vector fields D, ..., Dy globally
defined on C3¥+! and such that they generate the tangent space to 7~ (R)
(that is to Jac(T')) at each point.

The Jacobi-Mumford system may be put in Lax form

_ (V) UM o L) 1/ 0, 0
L(/\) = (W(/\), —V(/\)) ) AN AT = 202 — A% + 9 (U(,\*), O) )

(10)
where P* = (A*,u*) € I' and the corresponding restriction of the flow to
Jac(I') is tangent to P* € I C Jac(I').

In the case of the Neumann system, comparing (1), (2) and (10), we have

L) =LM),  AXN) =40,

with P* the infinity point!!.

Many generalizations of such construction have been proposed (see for
instance Previato!? and Beauville® for the case of completely algebraically
integrable systems associated to r-gonal curves, Novikov and Veselov!® when
fibers are complex tori and Vanhaecke' when fibers are symmetric products
of algebraic curves).

We now focus on the case of hyperelliptically separable systems with
deficiency and, as before, we show the construction explicitly on an example.
The Neumann system admits real integrable generalizations on S" which are
hyperelliptically separable with deficiency. Let

min{l-1,N~1}
UW@=- Y U (@@, 1>2

j=0

initialized by %% (q) = 1 and ¥#(V)(q) = U(q), the Neumann potential, with
iiy’s coefficients of

N+1 4

LI A—q:; = AV 4 @ (AN + -+ din(q).
i=1 K



Then the generalized Neumann Hamiltonian

1
HO(p,q) = 3+ +pvs1) + U0 (@), 121

is completely integrable in Arnold-Liouville sense. The equations of the gen-
eralized Neumann system may be put in Lax form for any | > 1,

LI00) = [LOW, A0,
where
N+1 N1 o
Z qiDi Z 4q;
z(1) =1 /\—a,-’ im1 /\—a,'
L ()‘) = Q()‘) N+1 p2 N+1 up ) (11)
-S(\,q) — - U <2
( q) ;A—ai i:l)‘-ai
with S(A,q) = X~ - M2y (q) — --- —U?~1)(q), and
0 1
A(l) A) = N+1 min{!,N} ' . . 1
™ Sopi- ) Uiyt o (12)
i=1 0

Using (5), again H®) takes the Staeckel form and, upon fixing constants of
motion, the equations take an Abel-Jacobi like form,
pLs Xk
i +~—N—déﬁr——=6k,N_1dt, k=0,...,N-1, (13)

/RO | 2/ROW
where now R;(\) = ~®(A){(co + -+ - + en—1 AN~1 — AN+H=1) and
Iy 0 R\ —p? =det(ZON) — pl) =0,
is the affine part of a genus g hyperelliptic curve I'; with

-1
=N —.
g=NT [ 2 ]
If I > 3, the genus of I'; is strictly bigger than the number of holomorphic dif-
ferentials appearing in the left hand side of (13) and (13) cannot be considered
a Abel-Jacobi differential form (since the basis of holomorphic differentials is
not complete). We recall that to any genus g hyperelliptic curve there is asso-

ciated a maximal system of g holomorphic differentials, which may be taken

k—1
in the form AT dA

Jk=1,...,g.



Coordinates (A1, 1), ..., (AN, #n) are still points on the curve I';. But

now, the complete image of the N-symmetric product of T'j, I‘gN), through
the Abel-Jacobi map

N pem) yk-1g) -1

br = / 22, k=1,...,9=N+ [———] , (19
; (o) 2V R(N) 2
with (Ag, o) fixed basepoint, is a N-dimensional analytic subvariety, Wy, of
the g-dimensional Jacobi variety of I';, Jac(I;), if [ > 3.

Wi is called stratum® of Jac(I';). Here we just recall that there exists a
natural stratification

WeCW:1 C-- 'Wg_l C Wg = Jac(I‘z),

where W; may be identified with the curve I'; itself, while W,_; is a copy of
the so called theta divisor of Jac(I';).

Comparing (13) and (14), we conclude that the closure of the generic
complexified invariant manifold is a stratum of the Jacobi variety.

Finally, we have excessive coordinates ¢i,...,¢, on Wy of which
¢1,-..,9N evolve linearly in time, since d¢; = +-- = dpn_1 = 0, don = dt,
while the remaining g — n, ¢n+1,...,¢, analytically depend on ¢y,...,¢y,.
Following Abenda and Fedorov!, we call the generalized Neumann system
hyperelliptically separable (and with deficiency if { > 3).

Let us now generalize the Jacobi-Mumford construction to hyperellipti-
cally separable systems with deficiency. For simplicity, we consider only the
case in which the curve is odd and we look for coordinates on the (2g+ N +1)—
dimensional bundle Ty over the 2g + 1-dimensional base of odd hyperelliptic
curves of geuus g, I', parametrized by the coefficients of their affine part,

2g+1
r:p@=RN=J[[(r-e), (15)
I=1

whose fibers are open subsets of N-dimensional strata, Wy, of Jac(T'). Let

UNO) =AY + U1 4 o)),
Vv = VN1 4y ), (16)
Wh(A) = A=V L {Mx2e=N 4 i

Then, the morphism, 7y : C29+N+1 5 G291,

R()) = nn(Un(A), Vv (A), W (X)) = Un(MWN(A) + VR (N),
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associates the coefficients of a hyperelliptic curve (15) to any choice of coef-
ficients in (16) and is such that the preimage, 75" (R), is an open subset of
Whn.

Moreover, as first shown by Vanhaecke'?, the Jacobi-Mumford system
may be put in Lax form

LLM0) = (L), AM (3,37,
setting
viM@), UM
O e ) R
o LMY 1 0, 0
A(N)(,\,,\ )= 5-(-:\—:/\—*) + > (U(N)(/\*)a(/\), 0) ) (18)

where where P* = (A*, p*) € " and a(]) is a 2(g — N)-degree polynomial in
A whose coefficients may be recursively computed in function of coefficients
in (16) and of A*.

Again, the corresponding restriction of the flow to Wy is tangent to
P* € I C Wxn and a maximal system of N independent vector fields may
be explicitly constructed which generate the tangent space to 75" (R) (that is
of W), at each point.

In the case of the generalized Neumann system, comparing (11), (12),
(17} and (18), we have

L) =LO),  AMQx) = A0,

with P* the infinity point.

We end this paper with some remarks. The construction of vector fields
of Mumford!! for hyperelliptically separable systems with zero deficiency is
algebro-geometrical and his proof cannot be extended to systems with de-
ficiency (due to obstructions of the Riemann-Roch formula®). Vanhaecke4
directly constructs Hamiltonian systems starting from the N symmetric prod-
uct of a curve I" imposing that coefficients of U™ (X) and V(M)(}) in (16) are
Darboux coordinates.

‘We have completed the Jacobi-Mumford construction for hyperelliptically
separable systems with deficiency defining coordinates (16) on all of 7y and
showing that N independent vector fields may be constructed such that they
generate the tangent space to 7' (R) at any point of the stratum. Moreover
any integrable system with deficiency may be realized as a convenient Dirac
constrained system starting from a convenient integrable system with zero
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deficiency. Indeed any point D € Wy also belongs to Jac(I') and the tangent
space to Wy at D is a subspace of the tangent space to Jac(I') at D. Since the
integrable nonlinear flow on Wy may be realized as a convenient restriction of
a straight line flow on Jac(I") imposing constraints on the phase space variables
(see Abenda and Fedorov?), then 7y may be identified as a constrained variety
of the fiber space 7.

We end pointing out that this unified approach not only has direct con-
sequences in the study of finite dimensional integrable systems, but also it
opens new perspectives in the investigation of integrable PDEs whose finite
dimensional reductions are integrable systems with deficiency and, possibly,
of integrable discrete systems with deficiency too.
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Multiple Hopf bifurcation
in problems with O(2) symmetry:
Kuramoto-Sivashinky equation

FARIDON AMDJADI
Department of Mathematics, Glasgow Caledonian University,
Cowcaddens Road, Glasgow G4 OBA, U.K.

E-mail: fam@gcal.ac.uk

Abstract

A method to deal with Hopf bifurcation in problems with O(2) sym-
metry is introduced. Application of the method on Kuramoto-Sivashinsky
equation is considered and it is shown that a multiple Hopf bifurcation
may occur on a branch with dihedral group of symmetry. This bifurcation
is associated with the two dimensional irreducible representation of group
D,.

1 Introduction

Problem with O(2) symmetry often possess a circle of nontrivial steady states,
each of these states is reflection-symmetric. In addition to reflection symmetry,
nontrivial steady states of Kuramoto-Sivashinsky (KS) equation has a discrete
rotation symmetry. Therefore we consider Hopf bifurcation which occurs on
branches of solutions with D,, symmetry. Due to underlying rotation symmetry
the Jacobian of the linearized system, along these branches, is always singular,
therefore Hopf bifurcation is not of standard type and usual Hopf theory can-
not be applied. The approach of this paper is namely the addition of a phase
condition and an extra variable to eliminate the degeneracy due to the group
orbit of solutions. We focus on the KS equation [4, 5] and show that bifurcating
branches from solutions with Dihedral group of symmetry are either associated
with one dimensional irreducible representations of this group giving rise to
time periodic solutions with a particular spatio-temporal symmetry, or two di-
mensional one giving rise to a multiple Hopf bifurcation. The approach enables
some of the results of Hyman, Nicolaenko, and Zaleski [6] to be interpreted
in a precise way. This problem is considered by Landsberg and Knobloch [1],
they eliminate the degeneracy of the system using canonical coordinate trans-
formation [2]. They showed that the bifurcating solutions are rotating waves
which are periodic in time and they reverses their direction of propagation in a
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periodic manner. This method works perfectly on a small system of ordinary
differential equation, however, it has no practical use for KS equation. Krupa
[3] considers this type of bifurcation from group orbits in problems with O(n)
symmetry. In this case, the vector field were split into two parts, one normal to
the group orbit and one tangent to it. The bifurcation analysis are presented
on the normal direction and then results given for the whole vector field. Krupa
considers K8 equation as an example and he shows the same result as given in
this paper.

2 Analysis of the Problem

Consider a system of equations of the form

#(t) = g(2(t), A), (2.1)

where g : X x R — X. We assume that nonlinear function g commutes with
the group action O(2) generated by the reflection s and the rotation r,, where
« € [0,27). In presence of the reflection s we can decompose the space X as
X = X° ® X*, where X® and X are the symmetric and the anti-symmetric
spaces with respect to the reflection s, respectively. In problems with O(2)
symmetry there are typically many branch of symmetric steady state solutions
contained in X*®. Suppose that the trivial solutions with full O(2) symmetry has
a bifurcation, associated with the two dimensional irreducible representation
of O(2), at A = 0 resulting in a branch of nontrivial steady state solutions
zs = 2g(A) contained in Fix(Z;) x R, where Fix(Z,) is the fixed point space
of vectors which are invariant under Z; = {I,s}. This decomposition implies
that the Jacobian matrix of (2.1) has the form g, = diag(g? : g2), where g2 and
g2 are associated with symmetric and anti symmetric spaces, respectively [7].
Because of the O(2) symmetry g#(2,()),A) has a non-trivial null space, hence
92(2s(X), A) has a zero eigenvalue for all A. Suppose that g(zp,Ao) also has
eigenvalues iwp, where zp = 2z,()\p). Note that +iwy may occur in symmetric
block which is not in our interest or in both blocks and this is the matter of
Hopf/Hopf mode interactions considered by Amdjadi and Gomatam [8]. Due
to the zero eigenvalue the standard Hopf theory cannot be used. The aim is to
add a phase condition to the original equation in order to pin down one solution
and then use the standard theory.
Wee seek solutions of the form

z(t) = raz(t), (2.2)

where z(t) is time periodic and ¢ is a constant value to allow time periodic
solutions drift around the group orbit of solutions. Substituting (2.2) in (2.1)
imply the equation of the form

dry

2(t) = glz(t), A) — cAz(t) = §(z(t),c,A), A:= o lo=0-

(2.3)
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The linear operator §,(z(t),0,A) is singular along the branch of non-trivial
solutions. In order to apply the standard theory the equation (2.3) is extended

as

s= 0w [ 2057 | e
where y = (z,¢). We want time periodic solutions of (2.4) to correspond to so-
lutions of (2.1) of the form 2(t) = rx(t) with ¢ constant. Thus we must choose
p(z,c, A) such that time periodic solutions of (2.4) give a constant value of ¢.
This is possible if p is independent of time and c. Thus we use ¢ = p(%, A), where
% is the time average of z(t) over one period T, given by & = & fOT:c(t)dt.The
periodic boundary conditions imply that ¢ = constant. Therefore, the system

§=Gy,\) = [ ggg f\’)’\) ] (2.5)

has solution of the form we want. Now, if the phase function p(Z,c) satisfies
p(3E,A) = —p(&, ) then G(y, \) is equivariant with respect to S and 9 defined
by, S[z,c]T = [sz,—c]T, and 0[z,]T = [z(t + I2),c(t + £2)]T, with 6 € S*. A
simple choice of p is

T
p(Z,A) =< £,E >= %/ < £z(t) >dt =0, (2.6)
0

where £ € X*. Other functions could be used based on the work of Jepson and
Keller [10].

Lemma 2.1 The phase condition (2.6) will fiz the spatial phase of the solution
(20,0, X0) of (2.1) if the following non-degeneracy condition is satisfied:

< pg(.’io, /\0), A:ito >7é 0. (27)

We now consider the eigenvalues of G, which are related to those of g,. The
following result is given by Dellnitz [9]:

Theorem 2.2 Suppose that (z9,0, o) is a solution of G((z,¢c),\) = 0. If the
eigenvalues of §z(zo0,0, o) are oy,i = 1,...,n with o, = 0, then the eigen-
values of Gy((xo,0),Xo0) are 0i, 1 = 1,...,n — 1 and +46, where § = [- <
p,g(.’io,/\o),A.'io >]1/2.

We note that the non-degeneracy condition (2.7) is precisely & # 0. Clearly, if
G2(0,0, Ao) has eigenvalues +iwy then so has Gy((xo,0), Ao).

The Jacobian matrix of equation (2.5) has no zero eigenvalue at a steady
state branch of solutions and it has 4iwy eigenvalues at (zo,0,A¢). Thus we
can apply standard theory to detect a Hopf bifurcation point and to obtain a
branch of solutions with symmetry Z, x S*, where Z is generated by S. The
additional eigenvalues of Gy((xo,0), Ao) are 4 where § = [~ < £, Az >]/2.
It is important to choose £ so that < £, Azp > is negative to ensure that the
additional eigenvalues lie on the real axis. Detection of this type of bifurcation
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can be achieved using AUTO [11] on the system G(y, ) = 0. We note that on
the steady state solution,  is independent of time. Thus & = = and the phase
condition reduces to < £,z >= 0 which is a simple algebraic equation that is
easily implemented.

Once a Hopf bifurcation point has been detected a starting solution on the
branch of periodic solutions can be obtained for the variable z using the in-
formation contained in the eigenvectors. We note that the eigenvectors of the
algebraic equation G(y,A) = 0 with the simple phase condition < £,z >= 0
are not appropriate for constructing the initial solution. This is due to the fact
that the linear operator Gy, ((zg, 0), Ao) is not a constant matrix but involves the
time averaging term. We now address this issue. First we linearize the system
(2.5) at the steady state solution yg = (zq,0) to obtain:

b= Gy (yo, 20)®, (2.8)
Theorem 2.3

(i) If g3 has eigenvalues tiw, then the solution of (2.8) is ®(t) = [®,(2),0, 0T
where @, = g5(zo, Ao) Ps.

(i) If g3 has eigenvalues tiwy then the solution of the linearized system
(2.8) is ®(t) = [0,2,(t),0]7, where ®,(t) satisfies B, = g2(xo, Xo) P,
and is constructed using the eigenfunction associated with the eigenvalues
:i:iwo.

Note that g2 and g2 are the block diagonal elements of g, (zo, 0, Ag) With respect
to the spaces X°® and X *, respectively. The bifurcating solution near the bifur-
cation point is given by y(t) = y* + a®(t) + O(c?). Hence the initial solution
is

z(t) = z°+a®,.t),
c = 0,
A = A,

where ®,(t) = [0, 2,(t)]T and there is no change in X to first order. To compute
the periodic solution the spatial phase condition (2.6) together with a standard
temporal phase condition which is built into AUTO can be used. The system
will then be solved for = and the scalar variables ¢ and T'. The possible further
bifurcation may occur in this system with no modifications and so the standard
AUTO procedure can be used for detection and swapping branches.

3 Application of the Method to the Kuramoto
Sivashinsky Equation

A fairly large number of numerical and theoretical studies have been devoted
to the KS equation. The reader is referred to the review paper of Hyman,



13

Nicolaenko and Zaleski [6]. Of particular interest for our purpose is the existence
of symmetry breaking Hopf bifurcations on a steady state branch of solutions
which have D,, symmetry, where D, is the dihedral group generated by the
rotation and the reflection. The specific equation we consider has the form

v + ooz + /\(‘Uzz + ”'Uz) =0, (0, t) = v(2m, t) (31)

where v has zero mean. It is easily verified that this equation is equivari-
ant with respect to the action of O(2) defined by rov(z,t) = v(z + a,t), and
sv(z,t) = ~v(—z,t}, where o € [0,27). Now let X,,, be the space of 27-periodic
functions with zero mean whose derivatives up to and including the m*" are
square integrable. We write equation (3.1) as

v = g(v, A) = —szos — A(Vzs + ’U’Uz), veEX:=X4, AER (32)

where g : X4 x R — X;. The steady state of the equation (3.2) has a trivial
solution v = 0 for VA with the full O(2) symmetry. Generically, Null(g,(0, X)) is
irreducible. The non-trivial irreducible representations of the group O(2) acting
on the space of 2r-periodic functions are 2-dimensional except for s = —I, ry =
I. If the action of O(2) on ¢(z) € Null(g,(0, X)) gives rise to this representation,
the second relation implies that ¢(z) = ¢, where cis an arbitrary constant, there-
fore ¢(z) = 0, since it must have zero mean. Hence generically Null(g, (0, X)) is
two dimensional. It is easy, using Equivariant Branching Lemma {12], to show
that bifurcating branches of solutions occur at A = A, = 4n%, n € Z* from the
trivial solution with symmetry group D,,. We refer to the n*® such branch as
primary branch n.

3.1 Dihedral Groups and Multiple Hopf Bifurcation

We now create an extended system of equations by adding a phase condition
and we show this system has D,, symmetry. First we substitute a solution of the
form v(z,t) = Ta()¥(x,t) into equation (3.2) which, after dropping the tildes,
gives

Ut + Vpppe + AMVzg + V) + c(t)Av = 0, (3.3)

where c(t) = &(t) and Av = v,. We include the phase condition &(t) =< £,9 >
to equation (3.3), where £ is chosen appropriately to eliminate the group orbit
of solutions and ¥ is the time average of v over one period, and write it in the
form

where y = (v,¢) € Y = X x R. Time periodic boundary conditions imply that
¢(t) = constant. Note that time periodic solution of (3.4) with ¢ = 0 correspond
to periodic solutions of (3.2) but solutions with ¢ # 0 correspond to Modulated
Travelling Wave (MTW) solutions of (3.2) with drift velocity ¢ (constant). Now,
define S[v, ¢]T = [sv, —¢]T and R[v,c]” = [r2=v,c]T, then G(y, A) is equivariant
with respect to Dy generated by R and S if £ is chosen such that ufe =4£
and s£ = —£. We refer to solutions of (3.2) which satisfy sv = v as symmetric
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solutions. Clearly any solution of G(y,A) = 0 which satisfies Sy = y must have
¢ = 0 and thus consists of a symmetric steady state solution of (3.2). If the
solution also satisfies Ry = y then the steady state solutions (branch) has D,
symmetry. Note that the full symmetry of the system is Dy, x S*.

We now consider the possibility of time periodic branches of solutions bi-
furcating from a branch of non-trivial steady states. We assume that along a
primary branch of solutions of (3.4), say ys = ys(A), there is a point (yp, Ao),
where yo = (v9,0), such that G,{yo,Ao) has eigenvalues +iwg. Often symme-
try forces these eigenvalues to be multiple, hence the real eigenspace may have
dim > 2 so that the standard Hopf theorem cannot be applied. In this case the
Equivariant Hopf Theorem [12} must be used. We know that the primary branch
Ys = Ya{A) lies in the fixed point space Fix{D,,) x R, for some n. Non-trivial
irreducible representations of the group D,, are as follows:

i) R=1, S=1, #) R=1, §=-1I,
i) R=-1, S=1 (n even), w) R=-1I, S=-1 (neven)

cos 28m  gjp 20m 1 0
v)R:[ sml’?ﬂ‘- cos%]’sz[o —1]’

wherem = 1,...,in — 1 (for n even) and m = 1, ..., 3(n — 1) (for n odd). The
correspondmg 1sotyp1c components of Y are

Yo = (3 3o, ax sinnkz, 0) = Fix(Dy,),
Yl = ()_4o; ak cOsnkz, c)
= (340 ok sin(nk + 3)x,0) (neven),
Y3 = (Ek —o @k cos(nk + 2)x,0) (neven)
Yam = Zk olax sin{nk + m)m + bg sin(n(k + 1) — m)z],0)
D(Ypeolcr cos(nk + m)z + dy cos(n(k + 1) — m)z], c),

.
4

o
-«
0
e N e e

where m = 1,..,4n — 1 (for n even) and m = 1,..,4(n — 1) (for n odd).
Thus Y =Y, @ Yl ®Ys ®Ys ® Yy, The Hopf blfurcation can be associated
with the one dimensional representations or the two dimensional one. Now
we linearize (3.4) as & = Gy (yo,A0)®. In the case of one dimensional repre-
sentations the solution of the linearized system is ®(z,t) = [®1(z, t),0]7, where
&, (z,t) = eft¢, () is the solution of the linearization of system (3.2). The eigen-
functions ¢1(z) = ¢1.(z) £ id1;(x), with ¢1,(x), $1;(x) € Y1, correspond to the
eigenvalues +i. The linearized system is re-scaled so that Gy(yo, Ao) has eigen-
values +i. Thus the corresponding real eigenspace is E; = sp{¢h,,¢1;} C V1
and is two dimensional. It is easy to show that 7 € S' act as —I on E;, and
since E; C Y; then 8¢ = —¢1, R, = ¢ and hence (S,7) = 5, € D, x §*
fixes ¢; € E;. The action R, = (R,0) € D, x S where R} = {1,0) = I also
fixes ¢1. Note that S7 = (Z,0) and S1R; = R;'S;. Hence, the isotropy group
¥, generated by S; and R; is the symmetry group of the eigenspace E; and
is isomorphic to Dy. Since dim(Fix(2,) N E;) = 2, by the Equivariant Hopf
Theorem there exists a branch of periodic solutions bifurcating from the steady
state branch having ¥, as its group of symmetries. Similarly, if E; C Y2 then
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the symmetry group ¥ of E; is generated by S2 = (S,0) and Ry = (R, 7). Note
that R} = (I,0) since n is even and that SaRy = RQISZ and so again, ¥ is
isomorphic to Dy,,. Hence the Equivariant Hopf Theorem implies a branch of
solutions with symmetry £s C Dy, x S1. Finally if E; C Y3 then the symmetry
group X3 of E; is generated by S3 = (S, ), B3 = (R, n) and is again isomorphic
to Dy,. In all of these cases, the S, i = 1,2,3 symmetry implies that ¢ = 0 so
that the bifurcating branch of periodic solutions of (3.4) corresponds to periodic
solutions of (3.2). However any further bifurcations which break the reflectional
symmetry will give rise to modulated travelling solutions of (3.2).

In the case of two dimensional representation the linearized equation ® =
Gy (Yo, Ao)® has solutions of the form ®;(z,t) = [e¥¢;(z),0]7, j = 1,2, where
the eigenfunctions ¢y = ¢1, £i¢1; and ¢y = @ar L iga; Wwith ¢1r, é15, dor,
¢2; € Yy, correspond to the eigenvalues +i. Thus the corresponding real
eigenspace is E; = sp{¢ir, P15, P2r, P25} which is four dimensional. Assume
¢7(z) = 1, 615, bar, d25] and define 7 € Dy, x S* by 7¢ = T(7)4, then it is
easy to show that the matrix T'(y) does not satisfy the homomorphism property
therefore does not define a representation. Hence we identify the eigenspace E;
with C? by

(Z1,91,Z2,Y2) € 101, (T) + T2d15(2) + Y120 (2) + y2025(2), (3.5)

where z; = z; + iy;, j = 1,2 and (2,22} € C®. We introduce the new co-
ordinates (%, £2)=(%, — iZ2,21 — iz2) [12], so that in these new coordinates
acts diagonally on C2. Golubitsky, Stewart and Schaeffer ([12], ch. XVIII)
have shown that there are three isotropy subgroups of D, x S' with n odd,
acting on C2, which give two dimensional fixed point spaces and these are
given in Table 1. In case (i), & = %, giving y1 = y2 = 0 and the iden-

position | Isotropy subgroup Fixed point space | dim
(i) Z2>(S) =1{(1,0),(S5,00} | {(&,71)} 2
(if) %2(51‘”) ={(1,0), (S,m} | {{£,~&)} 2
(iii) Zn = {(R,~27)} {(%1,0)} 2

Table 1: Isotropy subgroups of D,, with 2 dimensional fixed point space for n
odd.

tification (3.5) implies that (z1,0,22,0) ¢— =Zi1¢1, + T2¢1;, where in this
case Fix(X:) N E; = sp{¢1r,¢1;}, with £, = Z3(S) which reduces E; to
two dimensional space. In case (ii), with X3 = Z3(S,n), we have %, = —%
which implies that z; = z2 = 0 so identification (3.5) gives (0,y1,0,32) +—
Y192, + y2¢2;. Therefore Fix(X;) N E; = sp{dar, ¢2;}. In case (iii), 5 = 0
which implies that z; = —ys and y; = z,. Thus the identification (3.5) im-
plies that (z1,y1,y1,—21) ¢— z1(d1r — ¢25) + y1(1; + ¢2r). Thus the sub-
group Y3 = Z~,.., reduces the four dimensional space to a two dimensional
one and Fix(¥3) N E; = sp{¢1j + d2r, 1, — ¢2;}. Hence generically there are
three branches of periodic solutions bifurcating from the primary branch. The
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isotropy subgroups Z3(S) and Z2(S, ) imply that ¢ = 0. Therefore there are two
branches of periodic solutions bifurcating from the primary branch at the same
point. The isotropy subgroup Z,, does not imply ¢ = 0. Hence the branch with
this symmetry corresponds to modulated travelling solutions of (3.2). These
results agree with Krupa [3] where he has shown that there are three branches
bifurcating from the steady state where two consist of periodic orbits and the
third one consists of two-tori.

3.2 Numerical Implementation

This section is devoted to implement the above results numerically. We use the
spectral Galerkin method, and so we approximate v(z,1) by

N
vy (z,t) = Z(ak () sin kx + by (t) coskz).
k=1
Note that there is no constant term as we assume that v has zero mean. Using
the Galerkin method, we obtain the following equations

ai+ < ~g(vn,A) + cAun,siniz > = 0, (3.6)
bi+ < —g(un,A\)+ cAvy,cosiz> = 0, i=1,.,N (3.7
<flLitn> = 0, (3.8)

where <,> is the inner product on X, defined earlier. On the steady state
solutions, vy is independent of time. Thus i = vy and the phase condition
reduces to a simple algebraic equation < £,uy >= 0. On the branch of pe-
riodic solutions, we implement it in AUTO as an integral constraint given by
<lin>=% [T <tuy>dt=0.

There is a Hopf bifurcation on primary branch three which is found by solving
equation (3.6) with c=0and b; =0, j = 1,...,N. When computing solutions
on primary branch three, the lowest order term with a non-zero coefficient is
sin 3z and so the function £ is chosen to be — cos 3z ensuring that < £,vny >=
0, with N = 20, for the symmetric steady state solutions. For this choice
— < £, Avny >= 3a3 which is non-zero and positive on the upper bifurcating
branch near the trivial solution. Note that — < £, Auy > must be positive so
that the additional eigenvalues of G (yo, A) are real.

There is a Hopf bifurcation on primary branch three at Ay = 66.751. At this
point, there are four eigenvalues on the imaginary axis and so the bifurcation
must be associated with the only two dimensional irreducible representation of
Dj3. The numerical studies of Hyman, Nicolaenko and Zaleski [6] indicate a bi-
furcation at A = 67.5, but they mentioned that this point is not of Hopf type nor
a classical homoclinic loop. Our numerical results give a clearer understanding
of the solutions in this region. Having detected the Hopf bifurcation, starting
solutions for each of the three branches can be constructed using the eigen-
vectors in each of the two dimensional fixed point spaces, as described in the
previous section. These branches are shown together with the primary branch
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Figure 1: Three branches of solutions bifurcating at A = 66.751.

3 in Fig.1. These branches are all locally supercritical and hence one of them
must be stable {12]. Numerical results show that there is a turning point at
X =67.29 on branch 3. Hyman, Nicolaenko and Zaleski [6] estimated that there
is a bifurcation at A = 67.5 which is very close to this turning point. Hence we
assume that this branch is stable up to the turning point and loses stability at
the turning point.
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Smooth hamiltonian vector fields with linear symmetries and anti-symmetries are
considered. We prove that provided symmetry group is compact then a smooth
conjugacy in Sternberg-Chen Theorem can be chosen canonical and symmetric.

Introduction

The well-known Sternberg Theorem (see !) asserts that if two local smooth
vector fields are formally conjugate at a hyperbolic singularity then they are
smoothly conjugate. This result reduces local classification and normalization
problems to the formal ones.

In the last years there has been a splash of interest to systems with sym-
metries and anti-symmetries (reversible systems) (for references see ?). This
activity faces, in particular, a similar “equivariant“ problem: could one pro-
vide a conjugacy (smooth, formal) of two symmetric or anti-symmetric vector
fields via a transformation keeping the property? The linear and the formal
aspects of the problem were considered in 3%. In ® the authors proved a
related version of Smooth Conjugacy Sternberg Theorem.

A similar question arised for hamiltonian systems: is it possible to con-
jugate two hamiltonian vector fields via a canonical coordinate change? The
affirmative answer was given in %78,

These two results are in the same streamline and lead to the next very
natural setting: given two hamiltonian (anti-)symmetric vector fields can one
choose a conjugacy which preserves both symmetric and symplectic struc-
tures? The aim of the present paper is to prove a hamiltonian equivariant
version of Sternberg-Chen Theorem (Theorem 2.1 below).

We use the so-called deformation method or homotopy trick going back
to J.Mather (see ?1%8). This method reduces a nonlinear problem on equiv-
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alence of two vector fields (or more generally, of two local mappings near a
common singularity) to that on solving a linear functional equation (cohomol-
ogy equation).

1 Definitions

By a local diffeomorphism (local vector field) we mean in what follows either a
germ of diffeomorphisms (vector fields) at a point or a representative of this
germ defined in a neighborhood of the point. Sometimes, we omit for briefness
the word “local®.

Let & be a group of local diffeomorphisms @ : (R**,0) —» (R*,0)
and ¢ : & = R be a multiplicative character of &, i.e., a homomorphism
into the multiplicative group R*.

Definition 1.1. A local vector field £ is said to be (&, 0)-equivariant if
U6 = oU)E (U € ).

In this definition, U.£ denotes a usual action of the local diffeomorphism
U on the vector field &:

U.&)(z) = DU 2)EU "),

where DU(z) is the Jacobi matrix.

A local transformation G keeps the property of £ to be (®, g)-equivariant
if it commutes with every element U € &, i.e., UG = GU. Such a local
dlffeOmorphxsm is said to be &-equivariant.

Let R?% be provided with the symplectic structure, i.e., with a closed non-
degenerate 2-form w. The vector field ¢ is said to be symplectic if Lew = 0.
The hamiltonian F, i¢(w) = dF, is a function determined up to a constant.
Each function may serve as a hamﬂtoman of some symplectic vector field.

Let w be a symplectic form on R?*®. According to a theorem due to
Darboux, there exist coordinates (u,v) = (ul, .,Ud,V1,...,V4) ON R?? such
that

wlu,v) = duy Adv, + ... + dug A dvg.

This form is called standard. The changes of variables which respect this form,
i.e.,

Gw=uw

are called canonical. By G*w we denote a usual action of the local diffeo-
morphism G on the symplectic form w.
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Definition 1.2. A symplectic form w is said to be (®,0)-equivariant if
Uw = oUw (U € &).

In what follows, we assume that & is a compact group of linear operators
in R’>® and o is continuous. Without loss of generality & is supposed to
be a closed subgroup of the group O(2d,R) of all orthogonal transformaions.
Thus, every element U € & keeps the standard inner product in R?¢. And
besides, the continuity of ¢ implies

oU) = £1 (U € &).

2 Main result

Recall that two local vector fields & and 7 are said to be C* conjugate if
there exists a C* diffeomorphism G such that

G.§ =1

Take a (®,0)-equivariant symplectic form w and a local (®,0)-
equivariant symplectic C™ vector field &, £(0) = 0, D¢(0) = A. Choose
canonical coordinates bringing w to the standard form. Let the subspaces
E, = {v = 0} and E, = {u = 0} be invariant with respect to the phase
flow of €.

Suppose A has no pure imaginary eigenvalues, i.e., £ has a hyperbolic
singularity at the origin. It is known that A = IS, where S is a symplectic

linear operator and
0 —-F
I= ( 0 0).

According to Williamson’s theorem (see '), there exists a canonical linear
transformation which brings A = IS to the form

)

where all the eigenvalues of the matrix R have positive real parts.
Denote by 4 and A the minimum and the maximum of the real parts of
the eigenvalues of the matrix R. Given an integer k put

p(k,A) = k% +k+ 1



Theorem 2.1. Let 1 be a local (&, 0)-equivariant symplectic CX vector
field, n(0) = 0, K > p(k,A), and all derivatives of the difference £ — 1
up to the order K vanish at the origin. Then there is a local ®-equivariant
canonical C* diffeomorphism G which conjugates £ and 7, i.e. G.& = 1.

In particular, if K = oo then k = oo as well.

This theorem is the main result of the paper. Its proof is given in Sections
3-4

3 Deformation method.

As we have mentioned above, the deformation method reduces a conjugacy
problem to that of solving a multidimensional linear equation.
Given vector fields £ and 7 consider the deformation h(z,e) = en{z) +

(1 — €)é(z) and the vector field
i 0 0
= =h($,€)am +0£

on R™'. Take another vector field

15} 15}
®(z,e) = w(m,e)—az + 1. ER

Let
Q' (z,e) = (d¢'(z,€),€), P'(z,m) = (p(z,€),e + 1)
be the pase flows of = and & respectively. Put G(z) = p'(z,0).

Lemma 3.1. Let the vector fields ® and E commute, i.e.
[#,5] = 0. M
Then G conjugates £ and 17, ie., G.£ = 1.

Proof. Note that the phase flows of £ and 7 are, respectively, ¢§(z) =
¢'(z,0) and ¢f(z) = ¢*(z,1). Since the phase flows P? and Q* commute then

Q% (P (x,€)) = (¢ (p" (z,e),e + t1),e + 1)
= (p"(¢"(z,€),€),e + t1) = P (Q"(z,¢)),

or

g (p" (z,€),€ + t1) = p" (¢ (x, €), €).
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Fore =0, t; =1, t =t this gives
qt(pl (.’L‘, 0)1 1) = pl (qt($1 0)1 0)
For G(z) = p'(z,0) we get
qt (G(IL‘), 1) = G(qt(xa 0))1

or

g1 (G(2)) = G(gb(2)),

i.e., (G is a conjugacy between £ and 1.

Condition (1) is equivalent to the equation

Dﬂp(:l:,&) 'h(.’L‘,E) = Dlh(.’L‘,E) '(,0(-’13,5) + 7)(1‘) - E(.’L‘), (2)
where
9
Dl = ‘a'—x

This equation is called the cohomology equation.

Now let us turn to the case where the vector fields £ and 5 are symplectic.
In order to find a canonical conjugacy we make use of the relationship between
vector fields and differential forms as suggested in 7.

Let w be a symplectic form and £ and n be vector fields which preserve
w. Fix ¢ and put h.(z) = h(z,e), p.(z) = @(z,¢). It is not hard to verify
that

i[he el (w) = d(ihe (z.‘Pe (W))),
therefore (2) implies that
i, i, (@) = in-g().

Let X and Y be the hamiltonians of the vector fields £ and 7. Denocte by H.
the hamiltonian of the vector field ¢, we are seeking. Then

d(in,(dH.)) =dY —dX.
Taking into account the equality
Lp He =g, (dH.) + dip, (H)
we get
dLy H, = dip, (dH,),



24

whence
d(Ly, H. -Y +X)=0.
It suffices to find the hamiltonian H, from the equation
LyH.=Y-X
or
DiH(z,e) -h{z,e) =Y — X (3)

which is called the cokomology equation for hamiltonians.

Thus, in order to prove that two vector fields which preserve the sym-
plectic form are conjugate via a canonical diffeomorphismm we have to solve
the cohomology equation (3), then find the corresponding vector field ¢, and
integrate the system & = ¢.(z), é = 1.

4 G-equivariant conjugacy

First of all, note that solvability of equation (3) under the assumption of
Theorem 2.1 was proved in ® (for £ < o0o) and ® (for k = oo ). Prove that
the solution can be choosed (®,o)-equivariant.

Let w be a (&, 0)-equivariant symplectic form. Take a matrix U € &,

AB
v=(&5):
where A, B, C and D are d x d matrices. Since w is in the standard form
then (see, for example, 12 Proposition 5.5.6) A*C and B*D are symmetric and
A'D — C*B = o(U)E. This gives, in particular, that

— Dt —-Bt
U 1=U(U)(_Ct At)-

Lemma 4.1. Let £ be a symplectic vector field and its hamiltonian F is
(B, 0)-equivariant. Then € is &-equivariant.
Proof. Let F be a (&, o)-equivariant hamiltonian. Denote
d

£w0) = 3 (o) + Glu0) s )

: i

=1
By tansition formulas,

OF(u,v) _0F(u,v)

ﬂi(uav) = B ) Cz’(uv'u) = an (2 = 1,...,d).
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Fix a matrix U € &. Since F(u,v) = o(U)F(Au + Bv,Cu + Dv) then
n(u,v) = a(U)(D*n(Au + By, Cu + Dv) ~ Bi((Au + Buv, Cu + Dv)),

¢(u,v) = a(U)(—C*n(Au + Bv,Cu + Dv) + A*¢(Au + Bv,Cu + Dv)).
Thus we conclude that
§=U""¢€o,
i.e., £ is G-equivariant.

Lemma 4.2. If a symplectic vector field ¢ with the hamiltonian F is
(B, 0)-equivariant then F is ®-equivariant.

Proof. Let £ be a (8, 0)-equivariant symplectic vector field. Fix U € &.
Since w is ®-equivariant then

- Dt —Bt
U(U)U '= (___Ct At) .

Therefore,

e = ( S T ) swa)

Put 4 = Au+ Bv, © = Cu + Dv. Then
d 1 .
F(u,v) = Z/ [0 (ut, vt)v; — C*(ut, vt)us)dt
=170

d 1
= Z/ [ (at, 5t)5; — C*(at, 5t)a;)dt = F(Au + Bv,Cu + Dv).
i=1 0

Thus, F is $-equivariant.
Lemma 4.3. If H is a C* solution of equation (3) then for every U € &
the function H
H(z,e) = o(U)H({U,¢),

is a solution of equation (3) as well.
Proof. Put H(z,¢) = o(U)H(Uz,¢). By virtue of (&, o)-equivariance
of ¢ and 7, the following equalities are true:
Uh(z,e) = o(U)h(Uzx,€);
Y = X)(z,¢e) = (Y — X)({Uxz,¢).
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Hence,
DyH(z,e)h(z,e) = o(U)DH(Uzx,e)Uh(z,€)
= og(U)D1H(Ux,e)o(U)h(Uz,¢)
=D1H{Uz,e)h(Uz,¢)
= (Y — X)(Uz,¢)
= (Y — X)(z,¢).
Therefore, H is a solution of the cohomology  equa-
tion.

It is well known that since @ is compact then one can find a Haar measure
u on & which is right invariant with respect to &. We can suppose without
loss of generality that u(®) = 1. Let H be a C* solution of equation (3).
Define a C* function H : R**! -5 R by
H(z,€) = / o(U)H(Uz,e)du(U) (z € R*, e eR). (4)
]

Lemma 4.4. The function H is a (B, 0)-equivariant solution of the
cohomology equation (3).

Proof. By linearity of the cohomology equation, it follows from Lemma
4.3 that # is a solution. Since p is right invariant, for any V € & we have

H(Vez,e) = /a(U)H(UV:v,e)du(U)
(5]

= a(V)/a(V)a(U)H(UV:v,e)dp,(U) = a(V)/a(W)H(Wm,e)du(W)
(5] (5]
= o(V)H(z,¢).
Here we put W = UV. As a result we get
H(Vz,e) = a(V)H(z,e),

i.e., # is (B, 0)-equivariant.

Proof of Theorem 2.1. Take a local C* solution H of equation (3).
Then the function H given by formula (4) is a local (®,0)-equivariant C*
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]

solution of (3). Let Fi(z,e)
vector field

(fi(z,e),e + t) be the phase flow of the

7]

oe’

where (-, €) is a symplectic vector field generated by the hamiltonian #(-, €).
Put G(z) = f(z,0). Since [¥,Z] = 0 then, by Lemma 3.1, the local C*
diffeomorphism G conjugates £ and 7. Show that G is ®-equivariant and
canonical. In fact, since G' is a shift along the trajectories of the symplectic
phase flow it presrves the symplectic structure. Note that the vector field
¥(-,€) is G-equivariant. Choose U € & and denote fi(z,e) = U~ ft(Uz,e).
Then

dft((l:,E) —_ U—l dft(U(II,E)

@t | |,

U(z,e) = w(z,e)‘% +1-

= U '(Uz,e) = ¥(z,e).

Hence Fi(z,e) = (fi(z,€),e + t) is also a phase flow of the vector field ¥.
It follows from Uniqueness Theorem that F* = F* and G(z) = U™ 'G(Uxz).
We conclude that G is ®-equivariant completing the proof of Theorem
2.1.
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Topological instability of action variables in multidimensional nearly inte-
grable Hamiltonian systems is known as Arnold Diffusion. This phenomenon
was first pointed out in 1964 by Arnold himself for a model Hamiltonian in
his famous paper !. For autonomous Hamiltonian systems with two degrees
of freedom KAM theory generically implies topological stability of the action
variables (i.e. the time-evolution of the action variables for the perturbed
system stay close to their initial values for all times). On the contrary, for
systems with more than two degrees of freedom, outside a wide range of initial
conditions (the so-called “Kolmogorov set” provided by KAM theory), the ac-
tion variables may undergo a drift of order one in a very long, but finite time
called the “diffusion time”. After thirty years from Arnold’s seminal work
attention to Arnold diffusion has been renewed by Chierchia and Gallavotti 9,
using KAM theory and geometrical methods, and by Bessi ®, using variational
tools.

In this talk we present a complete and self-contained functional analysis
approach, developed in collaboration with P. Bolle 2, 3, 4, apt to deal with
Arnold Diffusion. We apply our method to study nearly integrable partially
isochronous Hamiltonian systems improving known results. More precisely
we consider n-harmonic oscillators weakly coupled with a pendulum through
purely spatial perturbations described by the Hamiltonian

H, =w-1+%—2+(cosq—1)+nf(so,q),

where (p,q) € T" x T! := (R*/27Z") x (R/27Z) are the angle variables,
(I,p) € R® x R! are the action variables and g > 0 is a small real parameter.

When p = 0 the energy w;I; of each oscillator is a constant of the motion.
The problem of Arnold diffusion in this context is whether, for g # 0, there
exist motions whose net effect is to transfer O(1)-energy from one oscillator
to the others. In order to exclude trivial drifts of the actions due to resonance
phenomena, we assume a standard diophantine condition for the frequency
vector w, namely

e (H1) There exists ¥ > 0, 7 > n such that [w k| > 4/|k|", Vk € Z",k # 0.
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The existence of Arnold diffusion is usually proved following the mecha-
nism proposed by Arnold . First one notes that for 4 = 0 Hamiltonian H,,
admits a continuous family of n-dimensional partially hyperbolic invariant tori
Tro = {(p,1,q,p) € T*xR*x T xR! | I = Iy, ¢ = p = 0} possessing stable
and unstable manifolds, called “whiskers” by Arnold, W*(7T;,) = W*(Ty,) =
{(o,1,4,p) e T* xR*"x T x R | I = ), p*/2+ (cosg — 1) = 0}. By (H1)
all the unperturbed tori 7, with their stable and unstable manifolds, persist,
for p small enough, being just sligthly deformed. The perturbed stable and
unstable manifolds (whiskers) W2 (7/) and W (7T},) may split and intersect
transversally giving rise to a chain of tori connected by heteroclinic orbits.
By a shadowing argument one can then prove the existence of an orbit such
that the action variables I undergo a variation of O(1) in a certain time Ty
called the diffusion time.

In order to prove the existence of diffusion orbits following the previ-
ous mechanism one then encounters two different problems: 1) “Shadowing
theorem”; 2) “Splitting of the whiskers”.

We now briefly outline the results obtained in 2, 2,4, throught a Lyapunov-
Schmidt type reduction, concerning both problem 1) and 2). Regarding prob-
lem 1) we prove by means of a variational technique, once stable and unstable
manifolds split, a general shadowing theorem, which improves the known esti-
mates on the diffusion time. Other results like symbolic dynamics can also be
obtained by our approach. Concerning problem 2) we introduce a new method
for detecting and measuring the splitting of the whiskers (in the difficult case
in which “fast frequencies” are present), providing general estimates on the
Fourier coeflicients of some “splitting function”.

As applications we consider the following two cases: (a) the frequencies
of the harmonic oscillators form a diophantine vector w of order 1 (“a priori-
unstable case”); (b) the frequencies of the harmonic oscillators form a diophan-
tine vector w. = (1/+/€, Be®), a > 0, pue~3/? is small, f(y,q) = (1 —cosq)f(p)
and ¢ is a positive small parameter (“three-time-scales problem”).

Case (a) highlights the improvement of our estimates on diffusion times.
In this case it is easy to show, using the classical Poincaré-Melnikov function,
that the splitting of the whiskers is O(u). Then our shadowing method shows
that there exist orbits whose action variables undergo a drift of order one, with
diffusion time Ty = O((1/p)log(1/p)). This estimate improves the former
results; we underline that it does not depend upon the number of degrees
of freedom. Moreover we remark that our shadowing theorem is completely
self-contained, in the sense that we do not make use of any KAM-type result
for proving, under assumption (H1), the persistence of invariant tori.

The three-time-scales system illustrates an application of our estimate
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of the splitting which, together with our general shadowing theorem yields
Arnold diffusion in case (b). In this case detecting and measuring the split-
ting of the whiskers is a difficult problem since the frequency vector w = w,
contains the “fast frequency” wy,. = 1/4/€, € small. This implies that the
Melnikov function along the first direction is exponentially small with respect
to € and then the naive Poincaré-Melnikov expansion provides a valid measure
of the splitting only for i exponentially small with respect to some power of ¢.
The situation is however very subtle for u = O(e?) and € — 0, since is general
the Poincaré-Melnikov function does not provide the correct prediction of the
splitting. However, still by means of a bifurcation technique based on the
Lyapunov-Schimdt decomposition, we manage to justify the naive Poincaré-
Melnikov approximation for p,e“3/ 2 sufficiently small and hence to describe
the non uniform splitting that takes place (naively it is exponentially small
along I; and polynomially small along the other directions I, € R®71).

Since larger is the splitting one would expect a faster speed of diffusion one
could guess the existence of diffusion orbits that drift along the “fast” direc-
tions I; € R™*!, where the splitting is polynomially small, in a polynomially
long diffusion time. In * we prove that this phenomenon indeed takes place:
for the three time scale system (b), with n > 3, exploiting the anisotropy of
the splitting, we improve our former shadowing theorem, proving that, along
the I, directions, Arnold diffusion takes place with fast (polynomial) speed,
even though the “splitting determinant” is exponentially small.
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Many models for physical phenomena in oceanography, atmospheric dy-
namics, optical fibre transmission, nerve conduction, acoustical and gas dy-
namic flows are conservative translation-invariant evolution equations with a
Hamiltonian structure. Solitary waves and fronts form an important class of
solutions of such equations and the calculus of variations, critical point the-
ory and symplectic structure have played a major role in the analysis of their
stability and instability. For example, the characterisation of solitary waves
as critical points of the Hamiltonian (energy) constrained to level sets of the
momentum (or momentum and other constants of motion) leads to a pow-
erful framework for proving nonlinear Lyapunov stability — when the second
variation, evaluated at the constrained critical point, has a finite number of
negative eigenvalues (e.g. BENJAMIN?, BoNA®, HOLM ET AL'*, GRILLAKIS
ET AL'?!3 MADDOCKS & SACHS'® and references therein).

However, for many Hamiltonian evolution equations, particularly coupled
systems of PDEs, even though the characterisation of a solitary wave or front
solution as a constrained critical point is well-defined, the second variation is
strongly indefinite and the relation between critical point type and stability
is lost. In this case, an important first step is to study the linear stabil-
ity and instability, that is, analyse the spectral problem associated with the
linearisation about the solitary wave or front solution.

A dynamical systems approach for the analysis of spectral problems asso-
ciated with the linearisation about a solitary wave or front was first introduced
by EVANS'? in the context of the stability analysis of nerve impulses in mathe-
matical biology. The Evans function framework was substantially generalised
by ALEXANDER, GARDNER & JONES! to apply to a large class of parabolic
PDEs. For more recent results and generalisations see e.g. GARDNER & ZUM-
BRUN!!, KAPITULA & SANDSTEDE!® and references therein.

Central to the Evans theory is the Evans function, D(X), a complex an-
alytic function of the spectral parameter A € C. Under suitable hypotheses,

32


mailto:T.Bridges@surrey.ac.uk
mailto:G.Derks@surrey.ac.uk

33

the Evans function has the property that, if Ao € C has positive real part and
D(Xg) = 0, then A is an unstable eigenvalue associated with the linearisa-
tion about a solitary wave. One way to prove the existence of such unstable
eigenvalues is to study the sign of D(A) for A real when A is near zero and
when A is large. When the initial-value problem for the PDE is well-posed
one can expect that when A is real and large, D()A) will be of one sign; that is,
there would not exist unstable eigenvalues with arbitrarily large growth rate.
Assume D()A) > 0 for A large; then a negative sign of the slope of the Evans
function for A near zero can be used to predict the existence of unstable eigen-
values along the real A axis. The Hamiltonian setting provides a geometrical
framework and therefore one can expect to get explicit information about the
derivatives of D{A) near A = 0 in this setting.

The connection between the Evans function framework and the stability
analysis of solitary wave solutions of Hamiltonian evolution equations was first
studied by PEGO & WEINSTEIN!?. For three particular Hamiltonian PDEs
they obtained the result that D()\) satisfies D(0) = D'(0) = 0, sign D"(0) =
sign %, and D(A) =& 1 as A = +oo along the real axis. In here, I is the
value of the momentum level set and ¢ is the speed of the solitary wave. The
system of ODEs associated with the spectral problem had no special structure,
requiring explicit calculations in parts of the proof and limiting application
to the particular PDEs studied where the solitary wave was known explicitly.

The primary difficulty with an abstract Evans function framework for
Hamiltonian evolution equations is that the classical Hamiltonian formulation
provides a symplectic structure for time evolution, but much of the analysis
of the Evans function is associated with a dynamical system in the z-variable.
In BripGES & DERKS™® an abstract formulation of the Evans function for
Hamiltonian PDEs was proposed based on a multi-symplectic formulation of
the PDE, where distinct symplectic operators are assigned for time and space.
To be precise, a Hamiltonian system on a multi-symplectic structure will be
written in the canonical form

MZ; +KZ,=VS(Z), Z€R™, z€R, t>0, (1)

where M and K are skew-symmetric constant matrices, S : R?®» — R is
some smooth function and V is a gradient with respect to the standard inner
product on R2",

To demonstrate the multi-symplectification of a Hamiltonian PDE, we
consider the (good) Boussinesq equation?:

U = (f('l.l,) - uzx)xzy S R7 t> 07 (2)

where u(z,t) is a real-valued function of = and ¢ and f(-) is some smooth
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real-valued function. This system can be written as a classical Hamiltonian
system on an infinite-dimensional phase space. For example, let ¢ = (w,u)T
with wg, = us, then (2) can be reformulated as

%—ZI, with J = ((1"01) and H(w,u) = %/(wi+u§+f(u))dz. (3)

However, the phase space is infinite-dimensional and the spatial symplectic-
ity is not explicit in this formulation, but it is implicit in the Hamiltonian
function. To formulate this PDE as a multi-symplectic system on a finite-
dimensional phase space, one can take the Legendre transform of the Hamil-
tonian function (3). With v = u, and z = w, the form (1) is recovered by
taking

@ =J

00-10 0100
o000 f{-1000
M=14000| 2 ¥=| 5901}
00 0 0 0 0-10

where Z = (u,v,w,2)7 and $(Z) = }(u? — v? - 2%) — Jub.

Many models of physical phenomena, particularly in atmospheric dynam-
ics and optics, are equivariant with respect to a Lie group symmetry. So it
is assumed that the system (1) is equivariant with respect to a g-dimensional
Abelian subgroup of the Euclidean group acting on R?", denoted by G, as
well as with respect to spatial translations. The generators of the group G
are spanned by &,...,&;. According to classical Noether theory for symplec-
tic systems, the symplectic flow of a group generates an invariant function.
However, in the multisymplectic setting, there is a flow associated with each
symplectic structure which generates a family of functions (cf. BRIDGES®).
Hence for each generator §;, i = 1,..., g, there are functionals P; and @; such
that M§;(Z) = VF;(Z) and K&(Z) = VQ4(Z).

It is natural to include the symmetries in the definition of the solitary
waves or fronts, i.e., a solitary wave/front is a solution of (1) of the form

Z(xa t) = Gﬂ(x,t)Z(x - Ct)1
where Gy is the action G on R* and 6(z,t) = (a1t + biz, ..., a4t + bex).

Substitution in the multi-symplectic framework (1) shows that the shape Z
is a homoclinic or heteroclinic orbit of the Hamiltonian ODE

(K - eM)Z, =VV(Z), (4)
where V(Z) = [S = 0, (aiP; + b;Q4)](Z). The shape of the wave Z is

biasymptotic to an invariant manifold at infinity which is the G-group orbit
of a fixed point of (4).
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The linearisation of (1) about this solitary wave reduces to a linear ODE
of the form

Us=A(z,;p)U, UeC™, 1eC, (5)

where A € C is the spectral parameter, p represents parameters a;, b; and ¢
and A(z,\;p) = (K — M)~ [D?*V(Z(z; p)) — AM]. Central to the Evans
function theory are the systems at infinity, defined by

A*(xp)= lm A(z,)p).
Associated with this parameter dependent matrix are the subspaces
EL(\p) ={€€C™ : lim AO®7c=0}, 1eC (0
Ef(sp)={£eC™ : lm A"GPe=0}, reC, (7

and E%(); p), which is defined to be a complement of EL();p) ® EL(); p)
in C?®. For definiteness, the following properties on the dimension of the
systems at infinity are taken: for fixed values of the parameters p,

dim E3(0; p) = dim E}(0;p) = 1,

(hence dim ES (0; p) = 2n —2) and, when A # 0, there is some 1 < p < n such
that

min{ dim E{(}; p),dim EX(\;p) } = p,

for all A € A, where A is subset of C., the complex half-plane with positive real
part and 0 € A. The symplectic structure forces the dimensions of E4.(0;p)
and E%(0; p) to be equal. The property dim E3*(0; p) = 1 is not essential and
many of the results, such as the construction and definition of the symplectic
Evans matrix, are independent of this property.

With these hypotheses on the systems at infinity the Evans function takes
the geometric form D(}; p) = det{E();p)), where E(X;p) is the p x p sym-
plectic Evans matriz. Each entry of E(); p) is an Q-symplectic form restricted
to a pair of solutions of the linearised stability problem and its adjoint, where
) is the symplectic form associated with (K — ¢cM). Hodge duality® is the
key to transforming the exterior-algebra definition of the Evans function®
to the Evans matrix. It is follows that D(0;p) = %IA:{) D(X\;p) = 0 and

—58;\35 —o D(); p) satisfies

sign D"(0) = IIsign (% - B(c)) ) (8)
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where Il = +1 is a geometric sign associated with the shape of the wave,

I(Z) = 2 (M Zz,Z)dz and B(c) is associated with the properties of the

nonconstant manifold of states at infinity (for example, B{c) = 0 for classical
solitary waves). All these results combine to give a general instability criterion

for a large class of solitary waves and fronts as stated in Theorem 1.
Theorem 1 For fired p, let )\oo € ANR be a positive value of A and let
doo (D) = D(Aco; P). Define Zi(p) = lim Z(z,p) and

Xoo(p) = lim [ ®*(Z,(~z;p), DG+ (Z; (P)T Zo(w; P)) ]~
If
oo (P) Xeo (P) [$T(Z(w3P)) — $ (25 (), 825 (P))] <0,

then the solitary wave or front Ga(z,t)Z (z—ct; p) is linearly spectrally unstable.

Illustrations of the theory can be found for many examples: a generalised
Korteweg-de Vries model from fluid mechanics?, a Boussinesq model from
oceanography®, a class of nonlinear Schrédinger equatlons {both coupled and
uncoupled) from optics®, a complex nonlinear Klein-Gordon equation from
atmospheric dynamics® and a generalised Kawahara equation from plasma

waves®.
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CLASSICAL SYMMETRIES FOR A BOUSSINESQ EQUATION
WITH NONLINEAR DISPERSION

M.S. BRUZON, M.L. GANDARIAS AND J. RAMIREZ
Departamento de Matemdticas, Universidad de Cddiz, PO.BOX 40,
11510 Puerto Real, Cddiz, Spain.

E-masl: santos.bruzon@uca.es

‘We apply the Lie-group formalism to deduce symmetries of the generalized Bous-
sinesq equation,

Ut = AUz + (um+l)z$ +b [u (um)z‘z] zz ’

where a and b are arbitrary constants. For ¢ = 0 and m = 1,2, this equation
describes the vibrations of a purely an harmonic lattice and supports travelling
structures with a compact support.

1 Introduetion

The Boussinesq equations was extended to include nonlinear dispersion to the
effect that the new equations supported compact and semi-compact solitary

structures in higher dimensions !,

Ust = QUgz + (™) +0[u(w™),,],, - (1)

Eq. (1) describe, for ¢ = 0, the vibrations of a purely an harmonic lattice and
support travelling structures with a compact support 2.

In this paper we study the generalized Boussinesq equation (1), with a,
b, m arbitrary constants and m # 0, from the point of view of the theory of
symmetry reductions for partial differential equations (PDE’s). The classical
method for finding similarity reductions of (1) is to use the Lie group method
of infinitesimal transformations 2. Though the method is entirely algorithmic,
it involves a large amount. of tedious algebra and auxiliary calculations which
are virtually unmanageable manually. Some symbolic manipulation programs
have been developed to simplify the calculations. We use the MACSYMA
program symmgrp.max . The fundamental basis of the technique is that,
when a differential equation is invariant under a Lie group of transformations,
a reduction transformation exists. The machinery of Lie group theory provides
the systematic method to search for these special group-invariant solutions.
For PDE’s with two independent variables, as it is equation (1), a single group
reduction transforms the PDE into ordinary differential equations (ODE’s),
which are generally easier to solve than the original PDE. Most of the required
theory and description of the method can be found in the works 32,
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2 Lie Symmetries

To apply the classical method to Eq. (1) we consider the one-parameter Lie
group of infinitesimal transformations in (z,t,1) given by

z* =z + ef(x, t,u) + O(e?), (2)
t* =t +er(z,t,u) + O(c?),

u* = u+ en(z, t,u) + O(e?),

where ¢ is the group parameter. Then one requires that this transformation
leaves invariant the set of solutions of (1). This yields to an overdetermi-
ned, linear system of equations for the infinitesimals £(x,t,u), 7(z,t,u) and
n(z,t,u). The associated Lie algebra of infinitesimal symmetries is the set of
vector fields of the form

o o o
V = &(x, t’u)b?c- + T(:c,t,u)gi + n(:c,t,u)%. (3)

We consider the classical Lie group symmetry analysis of Eq. (1). Invariance of
Eq. (1) under a Lie group of point transformations with infinitesimal generator
(3) leads to a set of twenty seven determining equations. The solutions of this
system depend on the constants of the equation:

Case 1. If a, b and m are arbitrary constants, the only symmetries admitted
by (1) are the group of space and time translations, which are defined by the
infinitesimal generators

0 0

=, Vo=

Oz ot

In the following cases we obtain new symmetries, and these symmetries are

defined by the following infinitesimal generators:
Case 2. If m is arbitrary and a = 0,

i=2A

0 2ud
1 = — — —— ———
Vi =t T bu
Case 3. If a is arbitrary and m = —1,

2 0 140 9,0
V3—xax+tat 2u6u.

Case 4. If a =0 and m = —1, V;? and
0

Va=2— — du—.

oz ou
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3 Optimal system and symmetry reductions

In order to determine solutions of PDE (1) that are not equivalent by the
action of the group, we must calculate the one-dimensional optimal system 3.
The generators of the nontrivial one-dimensional optimal system are the set
of subalgebras:

Case 2,
{<Vi> <AV + Vo>, <V >, <V + V] >}
Case 3,
{<Vi>, <AV +V, >, < Vi >}
Case 4,

{<Vi>, < Vi < Vi>, <AV + Vo>, <Va+ V>, < -Va+Vy >,
<VE4+Vi>, <AV -VE+Vy>)

Having determined the optimal system, the symmetry variables are found by
solving the invariant surface condition

ou  Ou
@E§£+r-é—t-—-n=0. (4)

In case 1, for AV} + V2, we obtain travelling wave reductions
2=z — A, u = h(z),

where h(z) satisfies

__bmhm+3hml + 2bm (2m - 1) hm+2hlhm + bm(3m _ 2)hm+2 (h")Z
+{[(m + DA™ + (a = X)]h® + mb(6m? — 11mb + 5b)hm+1 ()} w
+bm(m — 2)(m — 1)2h™ (K')* + (m + 1)h™+2 (B')? = 0.
()

Since equation Eq. (1) has additional symmetries and the reductions that co-
rrespond to V7 and V5 have already been derived, we must only determine the
similarity variables and similarity solutions corresponding to the remaining
generators:
e For V} :

z=gz, u=t-mwh(z),

where h(z) satisfies the ODE
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—6h™ ()" mS — b (6bh (1) B - 4b (h)*) m®
—hm (4bR2R'R™ + 3bh2 ()2 — 116k (R')2 K" + 5b (R')* + R2 (h')2) m?
—h™ {bR3R™ — 2bR2K'R!" — 262 (h")? + (5bh (R + h3) R — 2b (R
+h? (h’)z) m3 — K™ 3K m? 4 2him + 4kt = 0.
e For V; + V3 :
z=z-In(t), u=t""h(z),
where h(z) satisfies the ODE

—bh™ (hl)4 m8 — gppm+1 (hl)2 R'mB + 4bh™ (hl)4 mb — 4R 2R Rt
—3bh™F2 (B2 mt + 116h™+ (B')? h"m4 — 5bR™ (') m? — A2 (B') md
—bh™F3h M3 4 26h™2h A3 + 2bh™+2 (h')? nd — K3 RMm3
~5bh™F1 (B2 h'm? + 26h™ (B')* m® — A™F2 (R')? m? — R H3R"m? — R3R"m?
—h3h'm? — 4h3h'm — 2h*m — 4h* = 0.

e For V2 :

where h(z) satisfies the ODE
BR3R™ 4 22h4h" + 6zh%h! — 6bR2R'h™ — 5bh2 (R")? + 22k (K')2 B"
—ah*h" — 12b(K')* + 6h® = 0.
e For Vy :
z=1t, u=z"*h(2),
where h(z) satisfies the ODE
h" —-72b=0.
e For Vo + V4 :
z=ze"t, u=e *h(2),
where h(z) satisfies the ODE
R3R™ + 22R4R" + 9zh4R' — 6bh2R' M — 5bh2 (h')? + 22bh (h')? B
~12b(h')* + 16k = 0.
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e For —Vo + Vg :

where h(z) satisfies the ODE
bzshah”” _ 6bzsh2hlhm _ szshZ(hu)Z + 22bzsh(h')2h” - 12b28(hl)4
+12b28(h')* + 12b2"h3R"" — 56b2"h2h' A" + 44bz"h(h')3 + 36bz8R3h"
—56b28h2(h')2 + 24b25h3h' + 22h*h" — Tzh*h’ + 16h° = 0.
o For V2 +V,:
z=%, u=t"(z),
where h(z) satisfies the ODE

bh3R"" — 6bRZR'R™ + 422h1h" — 5bh2(R")? + 22bh(h')2R" + 30zh1R'
~12b(R')* + 42R5 = 0.

e For \V; —V2+Vy:
z==z+ Ant, u=1t2h(2),
where h(z) satisfies the ODE
bh3h" — 6bRZR'AM™ 4+ AZRARY — 5bR2(R")? + 22bh(R')2h!" + 3Ahth!
—~12b(h")* + 2h% = 0.

4 Travelling wave solutions

In the following we present the analysis for travelling wave solutions which
can be extracted from Eq. (5) for m =1 and m = 2.

Integrating Eq. (5) twice with respect to z, we obtain the following cases:
Case 1.1 Form =2,

2bh2R" + 2bh (K')* + B3 + (a = A2)h + kyz + ky =0, (6)
where k; and k, are the integrating constants.
e For k; = 0, the solutions of Eq. (6) are given by
h
:1:2\/5/ dh =2+ cCa.
\/'—h4 + 2(A2 - a)h2 - 4k2h - 401

e For k; = ks = 0, we obtain explicit solutions of Eq. (6) that lead to the
following solutions of Eq. (1),
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Figure 1. The solution (7) of the Generalized Boussinesq Eq. (1).

Subecase 1.1.1 For b > 0,

u(z,t) = \/c1cos (it;\;_b—-i_—c}-) + A% —a.

u(z,t) = \/cl sin (it—:%ic—%) + A2 —q. (7

The plot of the solution (7),forb=a=¢; =A=1,cc=0,and 0<t—z <7
is given in Figure 1.
Subcase 1.1.2 For b < 0,

u(z,t) = \/;wosh (A_t_—:_\/:g__;—_cl) + A2 —a.

u(z,t) = Jclsinh (:\t;\/%ﬁ) +A2—a.

Case 1.2Form =1,

bhR" + R + (@ = Ak + k12 + ky = 0, (8)

where k; and k; are the integrating constants.



Figure 2. The solution (9) of the Generalized Boussinesq Eq. (1).

o For k; = 0, the solutions of Eq. (8) are given by
+vb / dh =z + cy.
V—h2 +2(A2 = a)h — 2kIn(h) + 2c;
e For k; = ky = 0, we obtain explicit solutions of Eq. (8) which lead to the

following solutions of Eq. (1):
Subcase 1.2.1 1 b <0,

u(z,t) = ¢1sinh (%) + cpcosh (— %) + A —~a.

Subcase 1.2.21fb > 0,

u(z,t) = ¢; sin (f—\:/—i-\—t—) + ¢g o8 (z_TI;\t) +A? —a. 9

Here ¢; and ¢y are constants of integration. The plot of solution (9), for
b=a=c =A2=1and c; =0, is given in Figure 2.
As, 1 20, = —;— and a > —--21- + A%, these waves turn into compactons
—A
uc(x,t) = cos? (%Tbt) , where |z—tj<m. (10)

The plot of the solution {10) is given in Figure 3.

5 Conclusions

We have studied the one-dimensional generalized Boussinesq equation (1), by
making use of the theory of symmetry reductions in differential equations.
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Figure 3. The solution (10) of the Generalized Boussinesq Eq. (1).

We have obtained a complete classification of the Lie symmetries admitted by
(1) depending on the values of the constants a,b and m. We have construc-
ted all the invariant solutions with respect to the one-dimensional system of
subalgebras, as well as all the ODE’s to which (1) is reduced. For m = 1 and
m = 2 we have obtained travelling wave solutions for the Eq. (1).
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PSEUDO-NORMAL FORMS AND THEIR APPLICATIONS
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Introduction and Main Results

Since they were introduced by Poincaré in his thesis, Normal Forms have
become a common and useful tool in the local qualitative study of dynamical
systems. Consequently, the literature about this subject is very rich, not only
because of the people working on it (Poincaré, Dulac, Birkhoff, Stenberg,
Chen, Arnold, Moser, Tokarev, Bibikov, Belitskii, Bruno, Walcher, Cicogna,
Gaeta, Bambusi and many others) but also for the amount of publications
devoted to it (see, for instance 1.2:6:3.7 and references therein).

In order to focus the context of our problem, let us consider a real planar
analytic system

b= F(z) = Az + F(2), (1)

with the origin being an equilibrium point and where ~ means order greater or
equal than 2. It is very well known that a transformation leading system (1)
into Poincaré-Dulac normal form (or Birkhoff-Gustavson normal form if we
are placed in the Hamiltonian context) does not need to converge in any
neighborhood of the origin. In particular, this the case if we assume A =
DF{(0) to have purely imaginary eigenvalues, +az, a > 0. In such situation,
the formal normal form becomes of type

E= EA(¢n)
{77 = —nA(&n) @)

where A(I) =ia+... or, in real coordinates, provides we define r = £ = &€,
of type

F = rG(r). 3

In spite of the fact that there always exists an infinitely differentiable change
of coordinates normalizing this kind of systems (Tokarev &, Belitskii ), it is
also known that such transformation z = ®(() diverges if the origin is a focus
(for a detailed discussion about planar normal forms and convergence of the
normalizing transformations, see 8). Quite different is the situation when the
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eigenvalues of A are real. In this case we have convergence. For instance, for
an analytic Hamiltonian system of the plane, this was proved by Moser 4.

In this work, our aim is to approach the problem of the convergence of a
normalizing transformation in the case of purely imaginary conjugated eigen-
values. To do it we deal with an extension of the classical normal form, which
will be convergent even in the case of the origin being a focus. Concretely, this
extension is represented by a remainder term, depending only on an scalar
(analytic) function that contains the obstructions for the integrability of the
system. This approach, that comes from ideas of Moser and DeLatte &, con-
sists in the following: let us first write (Birkhoff) normal form system (2) in
the shorter way { = N(¢), where N({) = (£A(£n), —nA(£n)); to have a (close
to identity) change of variables z = ®(¢) normalizing system (1) implies that
we can solve (at least formally) equation N = ®*F = (D®)~!(F o ®) or,
equivalently, (D®) N = Fo®. Instead of dealing with it, we look for analytic
vector fields N and B = (£b(€n),nb(€n)), and a change of variables given by
® in such a way that they satisfy the following equality

DON+B=Fod. (4)

We say in this case that ® leads system (1) into pseudo-normal form (¥NF
in shorter). Notice that (4) is not, in general, Poincaré-Dulac normal form,
since the term (D®)~! B in the new system

(=N() +(D2() B() (5)

must not, exhibit any particular form a priori. )

Our first result is that, in this situation, the vector fields N, B and such
transformation ® are convergent in a neighborhood of the equilibrium.

However, we prefer to state the main result in a bit more general frame-
work. Namely, the very well known Lyapunov’s Theorem '? ensures that if
we have an ni-degrees of freedom analytic Hamiltonian system, with the origin
being an equilibrium and eigenvalues +A;,+ Mg, ..., %A, satisfying that

e J; is purely imaginary,

. A An - .
e none of the quocients $2, ...5> is an integer,

then there exists a one-parameter family of periodic orbits accumulating to
the origin. In other words, one can prove the existence of a transformation
leading such system into (Birkhoff) normal form with respect to the variables
associated to the imaginary eigenvalue A

In our context, we have the following result, which represents the sim-
plest situation where Lyapunov’s Theorem would apply, that is, when the
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spectrum of the differential of the field at the equilibrium consists on two
pairs of eigenvalues.

Theorem 1 Let us consider a real system

T= Az + fl(x»y,P,Q)
?) = —Ay+Q1($:y:P:Q) (6)
p= ag+ f2(z,9,p,9)
¢ = —ap+ §(z,y,p,9)

where z,y,p,4d € R, A - a # 0 reals and fj, 3j, Jor j = 1,2, analytic functions
in all their variables which start with terms of order, at least, 2. Assume
the origin to be o saddle-center equilibrium point of this system. Then, there
exists an analytic in e neighborhood of the origin transformation X = ®(x),
being X = (z,y,p,q) and x = (€,7, 1, V), and analytic vector fields N, B

EA (€, +0?) &by (&n, p? + %)

N = | ~mAEnp? +v?) nb (€, 42 + v?) G
VA2 (577, l‘z + Vz) ’ Vb2 (577, l‘z + Vz)
—pAy(En, p* + v?) pba(Em, p? + v?)

leading system (6) into ¥NF, that is, verifying
(D®)N+B=Fod,

b
it

where F = (Az + f1,—Ay + §r,aq + f2, —ap + §2).

In the Hamiltonian case, the remainder term B vanishes, so we reobtain,
consequently, Lyapunov’s result. Moreover, from partial views of system (6)
it. is not difficult to extend the convergence of the ¥NF procedure to the
following cases: a) the origin being a hyperbolic or an elliptic equilibrium of
an autonomous system of the plane; b) in a neighborhood of a hyperbolic
periodic orbit.

Apart from the class of Hamiltonian systems, it is possible to extract
interesting consequences from Theorem 1 if we apply it onto the family of
Reversible systems. Namely, we say that a system X = F(X) is G-reversible, G
being an involution (G2 = Id and G # Id), if it is invariant under X — G(X)
and a reversion in the sense of time’s arrow (t +— —t) (see 111716 and references
therein). It turns out that F' must satisfy G*F = —F. Commonly G is called
a reversing involution for that system and is, in general, non linear. In this
work we assume reversing involutions G to be analytic. A set which is invariant
under the action of G is called G-symmetric.

Thus, in a Hamiltonian \ Reversible context, we have
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Theorem 2 Let us consider an analytic system

X = F(X) (8)
and assume one of the following three situations holds,
(1) X = (p,q) € R? and the origin is a linear center equilibrium point.

(¢41) X = (z,9,0) € R2x T and v = {z = y = 0} is a (symmetric) hyperbolic
periodic orbit.

(438) X = (z,y,p,q) € R* and the origin is a saddle-center equilibrium point.

Then, in a neighborhood of the corresponding eguilibrium, the following state-
ments are equivalent

(1) System (8) is Hamiltonian.
(i4) System (8) is reversible.

(i4) The analytic vector field B provided by theorem 1 vanishes. (Notice that
is means that the corresponding scalar functions by, by or both, vanish,
respectively).
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This is an abstract of a paper, which will be published somwhere else.
Our goal is to prove some qualitative results related to a generalization of
Langmuir’s problem, i.e. that of the classical isosceles 3-body problem (two
electrons of equal masses and one nucleus, all assumed to be point particles)
whose motion is due to a Coulomb force.

We study an (n + 1)-body problem (rn > 2 electrons of equal masses and
one nucleus). The electrons, which are at the vertices of a regular polygon,
move homothetically in a fixed plane such that the polygon increases or de-
creases but does not change its shape, while the nucleus moves up and down
on a line passing through the center of the polygon and perpendicular to its
plane. Since we are interested only in dynamical aspects, the point-particle
hypothesis is reasonable. Obviously, for n = 2 we recover Langmuir’s model.
Like the isoscels problem, ours also has 2 degrees of freedom.

To make physical sense, a model of the atom needs to satisfy certain
qualitative properties. A first condition is that the motion is bounded if not
for most solutions then at least for a large class. (If the bound is uniform,
the better; this would provide an estimate for the size of the atom.) Then we
would also like to see that most solutions in this class are collisionless. (This
is not necessary but desirable.) If these properties are satisfied, we can use
some recurrence theorem to conclude that most solutions are quasiperiodic.
But the most important character of such a model would be that of having
many periodic solutions. If periodic orbits exist, semi-classical theory can be
used to compute the physical spectrum. In this paper we will show that our
model has all the above described qualitative properties.

In Section 1 we present the history of the problem and briefly describe
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the main results. In Section 2 we derive the equations of motion and use
them in Section 3 to prove that every solution with negative energy h < 0
is bounded and that those with h < hg, where hy < 0 is any fixed energy
level, are uniformly bounded. In Section 4 we rewrite the equations of motion
in McGehee coordinates, which allow us to analyze the motion near total
collision; this analysis is done in Section 5. In Section 6 we prove that a Levi-
Civita regularization of the total collapse is possible, therefore the motion
can be analytically continued beyond this collision. In Section 7 we show
that the system has four symmetries, which form a group isomorphic with
that of Klein. This property allows us to show that the system cannot have
equally symmetric periodic orbits. In Section 8 we prove that the solutions of
the system are both branch and block regularizable and that the homothetic
orbits are periodic. In Section 9 we show that on every negative energy level
exist at least a finite number of symmetric periodic solutions that are not
equally symmetric. This result can be further used for testing the model
within the framework of semi-classical theory.
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In previous work® we consider the existence and stability of heteroclinic cycles
arising from local bifurcation in dynamical systems with wreath product symme-
try I' = Z21G, where Z2 acts by +1 on R and § is a transitive subgroup of
the permutation group Sy (thus G has degree N). The group I' acts absolutely
irreducibly on R". We consider primary (codimension one) bifurcations from an
equilibrium to heteroclinic cycles as real eigenvalues pass through zero. We relate
the possibility of such cycles to the existence of non-gradient equivariant vector
fields of cubic order. Using Hilbert series and the software package MAGMA 1!
we show that apart from the cyclic groups G (already studied by other authors)
only five groups G of degree < 7 are candidates for the existence of heteroclinic
cycles. We establish the existence of certain types of heteroclinic cycle in these
cases by making use of the concept of a subcycle. We also discuss edge cycles, and
a generalisation of heteroclinic cycles which we call a heteroclinic web. We apply
our methods to three examples. The work briefly reported here was published in:
Dynamics and Stability of Systems 15, 353-385 (2000).

A nonlinear dynamical system possesses a heteroclinic cycle if it has a

series of equilibria that are connected in the sense that some trajectory links
the unstable manifold of any given equilibrium to the stable manifold of the
next

Heteroclinic cycles are especially common in symmetric dynamical sys-

tems. Moreover, these may be asymptotically stable and robust (in the sense
that they persist under perturbations that respect the symmetry). Asymptoti-
cally stable heteroclinic cycles are related to the occurrence of intermittency in
applications. The best known example of a robust and asymptotically stable
heteroclinic cycle in a symmetric dynamical system is the cycle described by
Guckenheimer and Holmes !!. The system has symmetry I' = T @ Z,, where
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T is the tetrahedral group consisting of the orientation-preserving transfor-
mations of a tetrahedron. Equivalently, T is the semidirect product Z3+Zs.
In wreath product notation it is Zg t Z3.

Although symmetry can force a heteroclinic cycle to be robust, it may
also complicate the description of a cycle, because all symmetrically related
equilibria should also be taken into account. Krupa and Melbourne 2 intro-
duce a precise definition of heteroclinic cycles in symmetric systems: in this
definition group orbits of equilibria are connected to other group orbits of
equilibria. They also prove a sufficient criterium for asymptotic stability of
such a cycle.

In ® we restrict attention to systems with so-called ‘wreath product’ sym-
metry, see Golubitsky et al. '°, Dionne et al. ® and Dias and Stewart 3. To
motivate this choice, recall that the symmetry group Z3+Z3 of the system
studied by Guckenheimer and Holmes is one of the simplest examples of a
wreath product (a semidirect product of a number of copies of a given group
by a group of permutations that permutes those copies). It is Z2 1 Z3.

The wreath product has very well-behaved algebraic properties, a fact
that has persuaded several authors to study wreath products in the hope of
finding new examples of robust and stable heteroclinic cycles. One of the
main references for the study of heteroclinic cycles in wreath product systems
is Field ®, where it is shown that heteroclinic cycles in systems with Zs ! Zx
symmetry can be robust asymptotically stable.

All of the symmetry groups mentioned so far are of the type Zy1Zy, and
heteroclinic cycles are common in this particular class of systems. In ® we
study local bifurcations from equilibria to robust heteroclinic cycles in a more
general {but still special} class of wreath product systems: those for which
the symmetry group has the form Z2 1 G, where G is a transitive subgroup of
the permutation group Sy. In this case, we say that the degree of G is V.
This choice is motivated by the occurrence of wreath product symmetry in
coupled cell systems. There the group Z; represents the ‘internal’ symmetry
of a cell and G the ‘global’ symmetry of the coupled cell network. We select Z;
because it corresponds to the simplest nontrivial case, in which each cell has a
1-dimensional dynamic. Also, note that the proof of existence of heteroclinic
cycles is difficult when the unstable manifolds of the equilibria involved are
high-dimensional. Transitivity of G may be assumed without loss of generality
and simplifies the analysis.

We focus on two main issues: existence of heteroclinic cycles in some
appropriate sense, not necessarily that of Krupa and Melbourne '2; and their
asymptotic stability. We show that the choice of the permutation group G
is crucial to the existence and stability of heteroclinic cycles in systems with
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symmetry Z3 1 G. We consider here dynamics of equivariant systems under
groups I' = Z¥ 4G, with action defined on RY, and where G is a transitive
subgroup of the permutation group Sy. In wreath product notation I' =
Z21G. We show that — at least up to degree 7 — for most non-cyclic
transitive groups G, all equivariant vector fields have the same local branching
pattern as their cubic truncations, and these truncations are gradient. This
rules out any recurrent behaviour except equilibria, and in particular it rules
out heteroclinic cycles arising by local bifurcation. We use the classification
of all transitive permutation groups G up to degree 15 (up to permutation
isomorphism) given in Conway et al. 2

We do, however, find exactly five non-cyclic transitive groups of degree
< 7 with non-gradient dynamics, which are thus sensible candidates for the
occurrence of heteroclinic cycles.

The gradient property arises in the following manner. Field ? has in-
troduced the concept of k-determinacy of a group, which roughly speaking
means that generically all interesting local bifurcation phenomena, for indi-
vidual vector fields with one bifurcation parameter, are already present in the
truncation of the Taylor series of the vector field to order k. Moreover, Field ®
proves that (for the representations we are considering here) the groups Z,1G
are 3-determined. Thus, when seeking heteroclinic cycles, we may restrict at-
tention to Z21G-equivariant vector fields truncated at cubic order. We present
a method for determining whether a Z31G-equivariant vector field is gradient.
The method is based on Hilbert series for rings of invariants (see for example
the survey in Dias and Stewart 7) and leads to a criterium. For most transitive
groups G (up to degree 7) we shall prove that all cubic order truncated vector
fields of Z5 t G are gradient. We find that apart from cyclic groups, only five
groups G are such that Zy ! G possesses non-gradient equivariant vector fields
of cubic order.

For the groups that we identify as possessing non-gradient truncated vec-
tor fields, we prove that heteroclinic cycles of the type observed by Gucken-
heimer and Holmes can occur. However, they are always related to a cyclic
subgroup of G. We also predict the occurrence of more complicated ‘hetero-
clinic cycles’, but in general these cycles are not of the type defined by Krupa
and Melbourne '2 in which equilibria are connected only to equilibria in the
same group orbit. Instead, each equilibrium in the ‘cycle’ can be connected to
equilibria that need not be in the same group orbit. We call such a configura-
tion a heteroclinic web. Heteroclinic webs pose new questions — for example,
their existence is a more difficult issue. The stability criterium of Krupa and
Melbourne 2 does not directly apply to them, but is easily adapted by Mel-
bourne 3. We discuss these matters in connection with the example, where



56

G is the alternating group A4 of degree 4 and order 12, but in a permutation
representation of degree 6.

We remark that systems of differential equations with wreath product
symmetry have been studied previously, especially in the context of sym-
metric networks of coupled cells (‘oscillators’} in which each cell has its own
symmetry. Qur results are therefore of interest for coupled cell systems. The
overall symmetry group I' of such a system depends on the group of local (or
internal) symmetries £ of an individual cell, and on the global group G of
permutations of the cells that preserve the network of couplings. One natural
type of coupling gives rise to systems with wreath product symmetry: this
is the case where the coupling is independent of internal symmetries. In the
case under discussion, I' = L1 G.
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Given a resonant Poincaré-Dulac normal form, we associate to it an auxiliary linear
system; solutions to the original system are obtained from solutions to the auxiliary
one on a certain invariant submanifold, defined by resonance conditions. If the
linearization of the original system satisfies the Poincaré condition, the auxiliary
system is finite dimensional.

Introduction

When we deal with dynamical systems with symmetry, it is quite standard to
quotient out the symmetry and thus arrive to a reduced dynamical system;
when the latter is integrable, e.g. linear or one dimensional, we have actually
integrated the original system. In the hamiltonian framework, this is what
happens when we use the momentum map to study an integrable system.

It was remarked by Marle? and by Kazhdan, Kostant and Sternberg® that
a different integration procedure is also met: namely, rather than using a sym-
metry to reduce the system to a lower dimensional one, one lifts the nonlinear
system under study to a higher dimensional but linear one. This is what
happens, e.g., when we apply the Lax procedure: typically a n-dimensional
system is embedded into an n2-dimensional one (evolution of (n xn) matrices),
as in the integration of the Calogero system.

It was even conjectured'? that all integrable systems actually originates in
higher dimensional linear systems, which we observe in “wrong coordinates”,
i.e. only through their projection to a lower dimensional nonlinear manifold.

In the present note I show that normal forms corresponding to a resonant
Poincaré spectrum can indeed be integrated in this way.

It should be stressed that the integrability of such normal forms is a
classical result, already known to Dulac®; the point of this note is that the
Kazhdan-Kostant-Sternberg-Marle approach applies to this relevant class of
equations.

Acknowledgement The financial support of “Fondazione CARIPLO per la
ricerca scientifica” under the project “Teoria delle perturbazioni per sistemi
con simmetria” is gratefully acknowledged.
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1 Normal forms
Normal forms’?471! are central to our understanding of nonlinear dynamics
around known solutions, in more ways than we could recall here.

We will consider normal forms of dynamical systems — or, equivalently,
vector fields — in R™ around a regular critical point. We assume the system is
already in {or has already been transformed into) normal form, and consider
the problem of integrating it. If the linear part of the system is nonresonant,
the normal form is linear and the problem is not so interesting; we will thus
assume the linear part is resonant.

In general the equivalence between a system and its normal form is only
formal; however, under conditions on the linear part we can guarantee this
equivalence to be analytical. In particular, this is the case if the spectrum of
the linear part lies in a Poincaré domain; we are thus specially interested in
this case and we will analyze it.

1.1 Notation

We will now fix notation and collect several definitions, and properties of
normal forms, to be used in the following.

Let us consider a C* function f : R® - R™ such that f(0) = 0, expanded
in a series of homogeneous terms fx(z), where fi(az) = a*+1 fi(x) for all real
number a. This defines a dynamical system in V5 = R™ having a critical point
at the origin:

¢ = f(z); z€R", fe C*R™"R"), f(0)=0 1)

which we also rewrite, using the expansion in homogeneous terms and singling
out the linear part, as

$ = Az + F(z) = Az + ifk(m). (2)
k=1

We will assume that the linear part of the system, i.e. the matrix A, is in
Jordan form.

We consider several vector fields associated to the system and the decom-
position given in (2), to be used in the following; we write 8; for 8/0z".

To the function f (i.e. the full dynamical system) we associate the vector
field X; = fi(z)0;; to the linear part A = (Df)(0) we associate the vector
field X4 = (Az)8;, and to the nonlinear one X = Fi(z)d;.

We also consider a vector field associated to the adjoint of the matrix A,
X, = (A*2)!0;; as long as we consider real systems and thus real matrices A,
this reduces to X; = (AT x)8;.



As well known the matrix A can be decomposed into a semisimple and
a nilpotent part, mutually commuting, which we denote as A, and A,; as
[A4, As] = 0, we also have [A,, A] = 0 = [A,, A]. To the semisimple part A,
of A is associated the vector field Xo = (4,7)%0;; we have

[Xo0,Xa] = 0 = [Xo,X] . (3)

Finally, we recall that a matrix A is said to be normal if it commutes
with its adjoint, [4, A*] = 0; obviously this is equivalent to the condition
that [XA,Xg] =0.

1.2 Resonant vectors and monomials

Let (A1,...,An) be the eigenvalues of A (we denote by o their ensemble, i.e.
the spectrum of A), and let (ey,...,e,) be the basis in V5 = R™ with respect
to which the x* coordinates are defined. We will use the multiindex notation

gt = zi'..zh . (4)

Then the vector v(,) := z¥e, is resonant with A (or resonant for short) if

7" 7"
(X)) =Y midi = Ao with >0, jul:=) m>2. (5)

=1 i=1

Note that when we define and determine resonant monomials and vectors, we
can as well consider A, rather than A.

The space of vectors resonant with (the semisimple part of) A is defined
as the linear span of such vectors; we will consider a basis (v1,...,v,) in this.
Thus F is resonant if and only if F' = ¢;v; for some constants c;.

A monomial z#* such that (5) is satisfied for some r € (1,..,7n) is
called a resonant monomial. We consider a basis of resonant monomials
{#1(z), ..., #-(x)}, and their linear span; this is a linear vector space V7 (in
the space of scalar polynomials on R"). We choose a basis {pi,...,pr} in
this. Here p; corresponds to ¢;(z), i.e. the scalar polynomial 37, wi¢;(x)
is represented in Vi by the vector Y., w'p;.

1.3 Normal and seminormal forms

We say (see e.g. %) that (2) is in Poincaré-Dulac normal form if the vector
fields X; and X g commute:

[Xe, Xp] = 0. (6)
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This implies that all nonlinear terms are resonant with A (i.e. with A,);
however not all resonant terms will satisfy (6) when A, # 0, see e.g. example
3 below.

Notice that in general [Xy, X 4] # 0: thus, unless 4 is normal, we cannot
affirm that X, (or X 4) commutes with Xj.

However it is easy to see from (6) that for systems (2) in Poincaré-Dulac
normal form, both X 4 and Xz commute with Xy, and therefore

[Xo, X} = 0 M

When the system satisfies (7) — although (6) is possibly not satisfied —i.e.
if F is resonant with A,, we say that it is in normal form with respect to A,
or, that it is in seminormal form.

As well known, starting from any dynamical system (or vector field) of the
form (1), we can arrive to a dynamical system (or vector field) in Poincaré-
Dulac normal form by means of a sequence (in general, infinite) of near-
identity transformation obtained by means of the Poincaré algorithm; these
combine into a near-identity transformation H defined by a series which is in
general only formal. The same applies for seminormal forms.

However, one can guarantee the convergence of the series on the basis
of properties of the spectrum ¢ of the linear part A. In particular, it was
already known to Poincaré and Dulac that convergence is guaranteed if the
convex hull of ¢ in the complex plane does not include the origin; in this case
we say that ¢ belongs to a Poincaré domain, or that A satisfies the Poincaré
condition, or also that ¢ is a Poincaré spectrum.

1t is easy to see — and again was well known to Poincaré and Dulac — that
if o satisfies the Poincaré condition, then only a finite number of resonances
is present, i.e. the Poincaré-Dulac normal form is finite {conditions ensuring
finiteness of the normal form are discussed in ).

2 Map to a linear system

In this section we will give a very elementary procedure to associate to a
nonlinear system (2) in resonant normal form an auxiliary linear system in a
real vector space V ~ V5 @ V; (this can be seen as a trivial bundle 7 : V = V
over Vp). In particular, if the normal form is finite then V = RY for some
finite N > n, and this procedure provides a way to explicitely and elementarily
integrate the system in normal form.
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2.1 General construction

Let Vi, ¢:i(z) and p; be as defined in subsection 1.3; we assume for ease
of language that r is finite (as mentioned above, this is the case for o sat-
isfying the Poincaré condition). We consider the real vector space V =
Vo @ Vi = R™T with basis vectors (ei,...,en;P1,-..,Pr) and coordinates
€= (g}, ..,z wl, ..., w"). _

We consider a dynamical system £ = ¢(£) [a vector field X, =
W(f) (0/0€%) 1 in V defined as follows: first we rewrite (1), (2) substituting
wh, ..., w" for ¢;(x),..., () (this gives the evolution equation for the z’s);
then we assign time evolution for the w by dw'/dt = (8¢;(z)/0z)(dz? /dt).
Having written these equations, we will now consider the £ and w as indipen-
dent quantities.

It is clear that, by construction, the manifold M C V defined by

wt — ¢i(z', ..., 2") =0 Vi=1,.,r (8)

is invariant under the flow of the system (the associated vector field) we have
defined in this way. On this invariant manifold, the auxiliary system is equiv-
alent to the original one.

The auxiliary evolution equations constructed in this way have several
general features in common, mentioned in 8. The main one is

Proposition. The evolution equation we obtain for (z,w) is linear.

Proof. Summation over repeated indices will be understood, and we will
denote by »(i) the multiindex such that vy = §;;.

Let us consider a resonant monomial w = z¥#, and say it satisfies (A-p) :=
Aipi = Aq. We denote by waio, ¢ = 1,...,¢(c) the resonant monomials °
such that (A-¢) = Ay (with the same fixed ). Then we have that (for f in
seminormal form) under £ = f(z) the time evolution of w is given by X;(w),
ie.

do _ D = file) = mr O (4500 + (An)iad + 1, ©®

dt = 6:::’ Hil T n CmWa;mio | »
where we have used the decomposition (2) and the fact all the nonlinear terms
must be resonant.

We assume that A is in Jordan form, so that A, = diag(};,...,An), and
(An)‘j = 7;; is different from zero (and equal to one) if and only if j = i+1 and
z,27 belong to the same Jordan block; this implies of course that A; = A;.

Notice that terms with p; = 0 are absent from the sum over i; we can
therefore assume g; % 0. Under this condition, and using the assumption that
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A is in Jordan form, we can rewrite
o= (A-pyat + pin ot VOPD oo pgrv@te (10)

The first term on the r.h.s. is nothing else that A,w. We want to check that
the other terms are also (the sum of) resonant monomials; in order to do this
we do not have to worry about the scalar coefficients in fronts of them.

The monomials appearing in the second term of the r.h.s. are of the
form z¥ = z#~vD+*(*) | and we can assume p; # 0 and 7;; # O (or the
corresponding monomial would not be present in the sum). For these we have

M) = s = A-p)—M+A = (A-p) = Ao (11)

we have used the fact that n; # 0 implies A; = A;, and the resonance relation
satisfied by w itself. Thus the second term in the r.h.s. of (8) is the sum of
resonant monomials (with the same « as w).

The monomials appearing in the third term are of the form z¥ =
o#~vW+9 where (A-¢) = ); and we can assume g; # 0 (or the corresponding
monomial would be absent from the sum). We have now

) == e = A-p) =X+ (A-0) = A5 (12)

again we have a sum of resonant monomials (with the same o as w).

This concludes the proof that the right hand side of (10) can be written as
a linear combination of resonant monomials, i.e. that the evolution equation
constructed according to our procedure is linear. A

Notice that we have actually proved something more, i.e. that if w = z#
with (A-p) = A4, only resonant monomials @ = ™ with (A-7) = A, (with the
same « as above) will appear in this linear combination. That is, the matrix
B will be a block one, where the blocks correspond to resonant monomials
identified as described here.

I would also like to stress that if A is not normal, the set of resonant
monomials defining vectors in normal form with respect to A* would not, in
general, be closed under time evolution. This is also immediately seen from
the alternative geometrical proof by remarking that if we substitute X, for
Xp, we have (for A not normal) [X,, X 4] # 0. Thus for non-normal A we
cannot limit to consider vectors in normal form, but have to consider the set
of all resonant vectors.

3 Integration of normal forms

The strategy to integrate normal forms via the auxiliary linear system £ = B¢
we have defined is rather obvious: this rests on the dynamical invariance of
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the manifold defined by (8). That is,

1. For £ = (z;w), determine the general solution of the linear equation
£ = BE in V = R™", say with solution £(t) where £(0) = & = (zo, wo)
is the initial datum. This will depend on the n + r arbitrary constants
(iL'(),'wo).

2. Restrict the general solution to the invariant n-dimensional submanifold
M C R™T defined by w* = ¢;(z!,...,z"). This will depend on the n
arbitrary constants zg.

3. Project the general solution (z(t),w(t)) on M C V to the subspace Vp =
R" spanned by the z variables, i.e. extract z(t) forgetting about w(t).

The correspondence between the original nonlinear system and the re-
striction of the auxiliary system to the invariant manifold M is clear by con-
struction, and projection is globally well defined as M is identified by the
algebraic equations (8). It is therefore clear that this procedure will indeed
provide the most general solution to the original nonlinear system in Vj.

This strategy will be particularly simple, and successful, when there is
only a finite number of resonances, and in particular when ¢ belongs to a
Poincaré domain.

It should be stressed that if o belongs to a Poincaré domain, the normal
forms could of course also be integrated directly: indeed the corresponding
system is nonlinear but, as remarked by Dulac 3, always in triangular form.
Namely, we can always write & = A%z’ +&(z) in such a way that §3¢/0z7 =
0 for j > ¢. It is then possible to solve the equations recursively, starting from
the linear one for ' () and having at each step a linear equation with a forcing
term which is a nonlinear but explicitely known function of ¢.

The procedure proposed here is equivalent to the one considered by Dulac
(and attributed by him to Horn and Lyapounov) from the analytic point of
view, but can be more convenient from the computational point of view, as
it only requires to solve linear systems (in particular it will be conveniently
implemented on computers via algebraic manipulation languages).

It also has the advantage of showing how the nonlinear (normal form)
system is obtained by restriction (on the submanifold M) of a linear system
via nonlinear constraints, clarifying the connection with topics in modern
integrable systems theory %10,

Examples of integration of resonant normal forms with Poincaré spectrum
(and discussion of the limitation of this approach in other cases) are given
elsewhere 5.
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In this paper we make a full analysis of the symmetry reductions of the (2 + 1)-
dimensional integrable Schwarz-Korteweg-de Vries equation by using the classical
Lie method of infinitesimals. The reduction to systems of partial differential equa-
tions in (1+1) are obtained from the optimal system of subalgebras. These systems
admit symmetries which lead to further reductions, i.e. to systems of ordinary dif-
ferential equations. Further, we present a brief analysis for some types of particular
solutions.

1 Introduction

The study of higher dimensional integrable system is one of the central themes
in integrable systems. In this work we consider the (2 + 1)- dimensional
integrable generalization of the Schwarz-Korteweg-de Vries (SKdV) equation

1 WoWoe WoW, W2W, W, /[__, (W2
= - - - —E —21) =0. (1
Wet {Was: = =5y aw T s \% \we . 0. (1)

Where 8~ f = [ fdz. This equation has been recently derived by Toda and
Yu ! by using the Calogero manner. That is, by modifying one of the operators
of the Lax pair for (1+1)-dimensional basic equation to include ancther spatial
variable z. Although this equation arises in a non-local form it can be written
by the change W = ¢,, ¢ = ezp(¢)) and using the further transformations
P, = u, Py = v, as follows

4

4u?v, — dungt + wllpe, — Ulgally — SUlgls, + 3”2”2 -~ utu, = 0,

thy — v = 0.

(2)

To understand the integrability aspects of the system (2), in this work
we carry out an invariance analysis and construct the symmetry reductions.
Using this analysis we bring out the unexplored invariance properties and sim-
ilarity reduced systems of (1 1) partial differential equations (PDE’s) of the
above system (2). First we obtain a point transformation group which leaves
the system (2) invariant. In order to find all invariant solutions with respect
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to s-dimensional subalgebras, it is sufficient to construct invariant solutions
for the optimal system of order s. The set of invariant solutions obtained
in this way is called an optimal system of invarient solutions. We only con-
sider one-parameter subgroups. The problem of finding an optimal system
of subgroups is equivalent to that of finding an optimal system of subalge-
bras. Although in general this latter problem can still be quite complicated,
for one-dimensional subalgebras, this classification problem is essentially the
same as the problem of classifying the orbits of the adjoint representation.
The construction of the one-dimensional optimal system appears in Z using a
global matrix for the adjoint transformation. Olver %, uses a slightly different
technique, which we will follow. Using this we construct a table showing the
separate adjoint actions of each element in £, as it acts on all other elements,
this construction is done easily by summing the corresponding Lie series. We
then consider a general element in a basis of £, and ask whether it can be
transformed in a new element of a simpler form by subjecting it, iteratively,

to various adjoint transformations. For further details and proofs see *.

2 Lie syminetries.

In this section we perform Lie symmetry analysis for the (2 + 1)-dimensional
gystem (2). Let us consider a one-parameter Lie group of infinitesimal trans-
formations in (z,%, z,u,v) given by

gt =gz +eX(z, 2t u,v)+ OE?),
2* =z +eZ(z,z,t,u,v) + O?),
t* =t+eT(z, 2, t,u,v) + OE?), 3)
u* =u+eU(z, 2, t,u,v) + O(?),
v* = v +eV(x,z,t,u,v) + O?),

where ¢ is the group parameter. Then one requires that this transforma-
tion leaves invariant the set of solutions of the system (2). This yields
to an overdetermined, linear system of equations for the infinitesimals
X(z,z,t,u,v),Z(z, z,t,u,v), T(z, z, t,u,v), U(z, z,t,u4,v) and V(z, z,t,u,v).
The associated Lie algebra of infinitesimal symmetries is the set of vector
fields of the form

1) 1) 1) 1) 1)
V=X'£+Z5;+T'5£+Ub—u—+vb—1;. (4)
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Having determined the infinitesimals, the symmetry variables are found by
solving the invariant surface conditions
Ou Ou , Ou Ov Ou , Ov
o =X—-+Z —4+T—-U= G =X—-+Z7_—+T—-V =0.
! 5z " Coz T v=0, 2 5z 78 T B V=006
Applying the classical method to the system (2) yields a system of equa~
tions which lead to a four-parameter Lie group. Associated with this Lie
group we have a Lie algebra which can be represented by the generators,
these generators are :

o2 ol
ot’ 0z’
V3=z——2z£—u~?- V4=t-2+z—(2--v2.
Oz 0z ou’ ot 0z ov

And the infinite-dimensional

Vo = a(t)—(?— - a’(t)u(—%.

Oz

3 Optimal systems and reductions

In order to construct the one-dimensional optimal system, following Olver,
we construct the commutator table (Table 1) and the adjoint table (Table 2)
which shows the separate adjoint actions of each element in v;, i =1...4, as
it acts on all other elements. This construction is done easily by summing the
Lie series.

The corresponding generators of the optimal system of subalgebras are

<vy >, < puvy+ vy + vy >,<uvz+%v3 + vy >
<pv1+ vy >, vy +ve > < vy >, < vy >,

where p € IR" is arbitrary. In the following, we list the corresponding
similarity variables and similarity solutions as well as the systems of PDE’s
obtained when the system (2) is reduced by means of {u;},%Z = 1,...,6. These
generators are obtained by adding to the generators of the optimal system the
infinite dimensional generator v,.

Reduction 1 By using the generator uvs + v4 + v4, we obtain the sim-
ilarity variables and similarity solutions
7 =at™# — [t~ WD ()dt, 2y = 28,
u=t""f(z,2), v =1t"1(g(z1,22) — f(21,22) [t/ (2)dt),
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Table 1. Commutator table for the Lie algebra {v;}.

vi V3 v3 V4
vil|0 0 0 vi
v2 | O 0 —2ve  v2
vy | 0 2vo 0 0
vy | —v1 —~vg 0 0

Table 2. Adjoint table for the Lie algebra {v;}.

Ad | vi ve v3 V4
Vi va va vs V4 — EV]
\2 vi va v3 +26ve V4 — €V
va Vi e~ %vy wv3 V4
V4 esvi e‘ve v3 A7

and the systems of PDE’s obtained, S; :

4fzgzl - 4fleg - flezlfh +3 zlfzz - f4fz2+
+f2lezlzz - 3ffz1lezz =0,
(2# - 1)szz2 —‘[t21fz1 — Gz '—:u'f =0.

Reduction 2 By using the generator pvy + %v;; +v4 + vq4, we obtain the
similarity variables and similarity solutions
2 =axt~ /2 — ft"sfza(t)dt, 29 = tH/2e~2
u=t"12f(z1,2), v=1t"(g(z1,23) — ft_l/za'(t)dtf(zhzz)),
and the systems of PDE’s obtained, S, :
ZZ(ffz;zl fzz - 3(fz1)2fz2 + f4fz2 - f2fz1z1z2+

+3flelezz) + 4f29zl ~4ff,9=0,
22fz —21f2 — 282, — F=0.

Reduction 3 By using the generator yv; + vz + v, we obtain the sim-
ilarity variables and similarity solutions
21 = ze~t/B — %f elba(t)dt, 22 = ze?/P,
w= et f(z1,22), v=g(s,2) — § [ a@)dif (a1, 22),
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and the systems of PDE’s obtained, S3 :

4f29z1 —4ff.n9- Floafa + 3(fz1)2fz2 - f4fz2+
+f2fZ1z1Z2 - 3ffz1fz1z2 = 07
222f0 — 21f2s — 09, — F = 0.

Reduction 4 By using the generator uyvi + v2 + v, we obtain the simi-
larity variables and similarity solutions
z =x—%fa(t)dt, 29 = pz —t,
u=f(z1,z2), v =g(zl7z2) - %af(zhz?)’

and the systems of PDE’s obtained, S, :

w(=ffozifer +3 z21fz2 - f4fz2+
+f2fZ1Z1Z2 - 3ffz;fz;zz) + 4f2911 - 4ffZ1g = 07
9z + fo = 0.

Reduction 5 By using the generator vz 4+ v, we obtain the similarity
variables and similarity solutions

z1 =t, 23 = (T + a(t))?z,
u=212f(z1,2), v=22t)f(z1,22) + g(21,22),

and the systems of PDE’s obtained, Sj :

Z% (8f2f§2§2z2 - 32ffz2f22z2 + 24fz32) + Z%(zofzfzzzz - 28ffz22 - 2f4fz2)
+162(£2g2, — ££229) + 2241 o — f2)g = 0,
fuu =22,/ = 0.

Reduction 6 By using the generator v, + vy we obtain the similarity
variables and similarity solutions
2=z — [t la(t)dt, 2 =2z/t,
u=f(2'1,22), v= t(g(zl722) —f(zl722)a(t))7

{p

and the systems of PDE’s obtained, Sg :

4f29z1 - 4ffz19 + (_ffzjzj +3 z21 - ffzj - f4)fz2
+f2fZ1Z1Z2 + (f2 - 3ffz1)lez2 =0,
szZ2 +gz1 = 0'
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4 Invariance analysis of the (1 + 1)-dimensional systems

In several cases, the reduced systems of (1 + 1)-PDE’s admit symmetries
which lead to further reductions to systems of ODE’s, we shall use again

the techniques of Lie group theory. The system S;, i = 1,...,
following symmetries:

6 admits the

0 0
512V11=§——ufa, Vig = Zla +2Z2 +ff
0 a0 0

S2-V21~Z26_zz, V22—2gz-;—f5§—a—}-,

Sy =gl _ g0 8 5 0 .0
31Va = a5 V32-—Zlazl z26z2 af"
. _ 0 _ 0 . 0

S4.V41-—azl, vls—-ﬂ(zz)az2 ﬂ(zg)gag,

0 3] 0 0

Ss-Vsl—-'a—z'l-, v52—2z16—m+2z26—n—f5f—2g5§'

1. For system S;, by using ¢vyy + v;2 we obtain the similarity variable and

similarity solutions
w = —\/Z2(21 — ¢},
and the system of ODE’s
2ky, — why —h =0,

W hygny — 4hhophu + 303, — hihy)
~8h2ky, + 8hhyk + 2h2hyy, — 3RA2, —

= yZ2h(w),

h% = 0.

2. For system Sz, by using cva; + voo we obtain the similarity
similarity solutions

e©%1
'w—"_!_’

f=hw), g=Fkw)-

g9 = —cpy/zh(w) + k(w),

variable and
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and the system of ODE’s
cky + hy =0,

AW (h2hwww — hhwhww + 382) + w2 (3h2hyy, — 4RR2)
+ew(2hky — 2hhyk) — whihy + ER2hy — B =0.

For system Sz, by using cvs; + va2 we obtain the similarity variable and
similarity solutions

w=22z+eu), f=hn’, g=ch(w)zn*+kw),
and the system of ODE’s

ky = 0,
W(h2hwww — Ahhwhwe + 3h%, — hhy) (6)
+8h2k,, — 8hhyk + 2h%hyy — 3hAE, — A% = 0.

For system S4, by using cv4; + vz we obtain the similarity variable and
similarity solutions

w=z1—cf3é;7, f=h, gzmi—ﬁk(w),
and the system of ODE’s

kw nd Chw = 0,
pe(@hhuwhue — h2huws — 3H3, + hihy) )
+4h?k,, — 4hhyk = 0.

. For system Sg, by using cvs1 + vs2 we obtain the similarity variable and

similarity solutions
w=22 f= hw), g=2z7"kw),
and the system of ODEs
2wk, + 2k + hy = 0,

w3 (4R hywew — 16hhwhaw + 1253) + w2 (12h2Ry, — 16RAH2)
+w(8h%ky — 8hhwk — hihy + 4h2hy) + 4h2k = 0.
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Figure 1. A solution of the SKdV Eq. (1).

5 Some explicit solutions

We can observe that system Sy, also admits an infinite dimensional subalgebra
vg by using cv4; + vg we obtain (7). From (7), by using the first of these
equations we get

k=ch+ ki,
and the following third order ODE

pe(hthy — 383 + 4hhuhuww — B2huww) — 4kihhy = 0.
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t=—§'~.5'0' .5'1

N D oy O O

Figure 2. A solution of the SKdV Eq. (1).

By dividing by h* and integrating once with respect to w we obtain
2kah — cky(hhyw + B2 + h*) =0,

whose solution is

dh =w + ky.

,/ \/z X k3—4hkg+ch4 ky

Setting k. = 0 we obtain the explicit solution

2vks
= V2 sinh (V2 vks (w +k4))

(@
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The next step will consist of using the above solutions for the ODE’s, together
with the corresponding symmetry reductions, to construct solutions for the
equation (1). From (8), setting k3 = 1 and ks = 0, we obtain the following
solitonic solution for (1).

W= -ésech2 (-;—(z-—c/mzl_—t)—-%/a(t))). (9)

It is interesting that this solitonic solution for the SKdV equation in (2+1) has
a very rich structure due to the arbitray functions a(t) B(z2) with 2o = pz —t.
A plot of solution (9) is given in Figure 1 and Figure 2.

6 Conclusions

In this work we have carried out a detailed Lie symmetry analysis of the
(2 + 1)-dimensional integrable generalization of the SKdV equation. Through
this invariance analysis we obtain a set of six (1 + 1)-dimensional systems
of PDE’s. The invariance study of these systems lead to a set of systems of
ODE’s. From a single soliton solution of the reduced system of ODE’s we find
that the original equation possesses not only the rich line soliton structure,
but also a curve soliton.
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Abstract of the communication

Coupled Map Lattices (CMLs) are extended dynamical systems with discrete
time and space (a lattice), while the field is continuous. Broadly speaking,
a local dynamical system is located at each point of the space and interacts,
via some spatial coupling, with a set of ‘neighbouring’ sites. Commonly, the
local dynamics has strong chaotic properties.

Nowadays, we have at our disposal a great number of numerical studies on
many different models of CML which reveal a rich phenomenology and, in
particular, complex spatio-temporal patterns. Moreover, the theoretical anal-
ysis of these systems made great strides since the first mathematical papers
on CMLs. Hence we know, both from experiment and from theory, that not
only simple spatio-temporal patterns (coherent structures) but also spatio-
temporal chaos (space-time mixing) can be found in the phase space of these
systems. The transition between different phases of the motion is ruled by
control parameters, typically expressing the strength of the spatial interaction
which couples the sites. It is therefore of interest to clarify the mechanisms
(i.e. bifurcations) which make the space-time chaotic phase emerge from the
non-chaotic one. To approach this problem it is natural, at the outset, to go
back to what we have learned for non-extended systems.

In particular, the role of tori breakdown in the creation of irregular behaviour
for such systems is well known. In this talk we presented a numerical study !
of the behaviour and the breakdown of tori in a lattice of diffusively coupled
logistic maps introduced by Kaneko 2:

€
ot = f(ah) + 5 (F(@hey) - 26 (H) + Faha))
where i = 1,..., NV represents the lattice point (i.e. the spatial variable), k is

the discrete time and periodic boundary conditions are assumed. The logistic
map f(x) = Rz (1 ~ z), provides the local dynamics at each site i. Commonly,
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R is chosen large enough to provide chaotic behavior. The two parameters €
and R are usually referred to as the coupling and the nonlinearity.

In the paper ! six examples of tori which behave in different ways are discussed.
In particular, the Afraimovich and Shilnikov’s route ® to the destruction of
one-dimensional phase locked tori is confirmed; moreover, also other mecha-
nisms (crises) occur in the breakdown. They not always lead to chaos and
are strictly linked to the peculiarity of this system, i.e. to its “non generic”
nature due to the presence of a group of spatial symmetries which commute
with the map. In fact, the dynamics of the CML is strongly influenced by the
presence of a family of heteroclinic cycles - ¥ 8, which, in some cases, plays
an important role in the destruction of invariant tori.
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In Quantum Field Theory models of electro-weak interactions with spontaneously
broken gauge invariance, renormalizability limits to four the degree of the Higgs
potential, whose minimum determines the vacuum in tree approximation. Through
the discussion of some simple variants of the Standard Model with two Higgs dou-
blets, we show that the technical limit imposed by renormalizability may prevent
the physical realizability of some phases of the system, that would be otherwise
allowed by the symmetry of the Lagrangian of the system. We show that the in-
corporation into an effective Lagrangian of suitable composite particle fields may
resolve this discrepancy.

1 Introduction

This paper will be devoted to a discussion the mathematical foundations for
the description of the possible evolution patterns of our Universe, in the frame-
work of simple variants of the Standard Model (SM) of Glashow-Weinberg-
Salam ! for unified weak and electromagnetic (e.m.) interactions of elementary
particles. As well known, the SM is a relativistic Quantum Field Theory, with
spontaneously broken gauge invariance. The characteristics of the model are
assigned by specifying the internal symmetry group G of the formalism, the
basic field operators (acting in the Hilbert space of state vectors of the system
and representing the elementary particles described by the model) and their
transformation properties under the relativistic space-time symmetry group
(Poincaré group) and under G transformations. The dynamics is encoded in
a Poincaré and G-invariant Lagrangian function of the basic fields, thought
of as classical fields. The internal symmetry group G is basically a gauge
group SU2x U, which can be complemented with some discrete transforma-
tion group, required by phenomenology. The transformation properties of the
basic fields under the group U; are specified through the (eigen-) value of the
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hypercharge operator Y, which is identified with the generator of infinitesimal
U; transformations. The basic fields consist in matter fields, associated to the
quarks and the leptons, gauge fields, associated to the vector bosons W¥,
Z° and to the photon v (these particles mediate the weak and electromag-
netic interactions), and scalar fields (with respect to Poincaré transformations)
¢ = {¢1,...,0n), some of which represent the so called Higgs bosons. All the
basic fields are classified according to irreducible representations of G.

The “actual” symmetry group of the theory coincides with the invariance
group of the vacuum state (the ground state of the theory). This is identified
to the isotropy subgroup of G at the point of absolute minimum of a G-
invariant potential V(¢), which is a polynomial function of the scalar fields.
In the determination of the minimum of V(¢), each component of ¢ has to
be considered as a numeric constant in space-time {as we shall do in the
following), to be identified to the vacuum expectation value (VEV) {¢;)o of
the operator valued field ¢;. The linear action of the group G in the vector
space spanned by ¢ defines a G-space ®. Being the potential invariant under
G, its extrema will be degenerate along G-orbits, so that V is essentially a
function in the orbit space ®/G 2. Vacuum states associated to minima of the
potential lying on the same G-orbit are equivalent, since they can be related
by a gauge transformation and the isotropy subgroups of G at points of the
same orbit are conjugate in G. All the points of ® with conjugated isotropy
subgroups of G form a stratum in ®, which is formed by the union of one or
more orbits.

By Hilbert theorem, the G-invariant polynomial V' (¢) can be expressed
as a polynomial V(p) in the elements p = (p1,..., pg) of a minimal integrity
basis (MIB) of the ring of the G-invariant polynomials in ¢. The function
V(p) yields a suitable analytical expression of the function induced in the
orbit space /G by V(¢). In fact the points of orbit space are conveniently
parametrized by the elements of a MIB. The location of the point ¢y of abso-
lute minimum of V(¢) in @ (or, equivalently, the point py of absolute minimum
of 17@)) in ®/G) and its isotropy subgroup of G (and the conjugacy class of
isotropy subgroups of the points lying in the orbit identified by p) obviously
depend on the coeflicients @ = (ay,...,a;) of the polynomial ‘7, that will
be called phenomenological perameters, since their values are related to the
masses and self coupling constants of the scalar particles. All the points of
minimum of V(¢) (of V (p)) lying in a same stratum of ® (of ®/G) are con-
sidered to determine a unique phase of the system, and the phase will be
considered as physically realizable (to have non-zero probability to be seen in
nature) if it originates from minima which are stable against small variations
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of the phenomenological parameters. A geometrical analysis of the G-space
®, allows to determine all the strata ¥ of ® (and their images ¥ in ®/G) 2
and, therefore, all the possible phases of the system allowed by the symmetry
properties of the model.

The only effective method known at present to solve the dynamical equa-
tion of the model, which are derived in a standard ”classical” way from the
Lagrangian, is perturbation theory. In a naive application of perturbative
methods, however, infinities are encountered, originating from ill defined prod-
ucts of operator valued generalized functions, like the quantum fields. A con-
sistent procedure (renormalisation theory) exists for cancelling the unwanted
divergencies, only if some additional constraint (renormalizability) is imposed
on the form of the Lagrangian. In particular, renormalizability requires the
degree of the polynomial V{(¢) to be < 4 and thismay drastically reduce the
number of physicaly realizable phases. In fact, while for general G-invariant
polynomial potentials of sufficiently high degree (> of the double of the high-
est degree of the elements of a MIB 3), for any given stratum X there is always
a region of non-zero measure Ry, in the space of the phenomenological param-
eters, such as, for every a € Ry, the absolute minimum of V(¢) lies in %, it
may happen that the measure of this region reduces to zero for a lower degree
polynomial 3, as, for instance, a renormalizable potential of general form. In
this case we shall say that the potential is incomplete. Now, the assumptions
of renormalizability, however important it can be for the perturbative resol-
ubility of the dynamics of the model, is a technical assumption. So, the fact
that it may exclude the physical realizability of some of the phases allowed
by the symmetry of the model is quite disturbing.

Since our declared aim is to describe all the possible patterns of evolu-
tion of our Universe in the set of phases allowed by the symmetry of the
Lagrangian, in a first approach to the problem we shall study two variants
of the SM with and without the constraint of renormalizability on the corre-
sponding potentials. From this analysis we shall get sufficient hints on how
to restore renormalizability, without modifying the set of physically realizable
phases. This will be attained through the introduction of suitable additional
scalar fields, to be thought of as representing bound states of the original scalar
particles, bound states that are created when suitable external conditions are
established.

In the SM the spontaneous symmetry breaking of the gauge symmetry
SU;xU; of the Lagrangian is obtained though the introduction of a doublet
of scalar fields, that is, two complex scalar fields transforming as the com-
ponents of a vector of an irreducible 2-dimensonal representation of SU,, of
hypercharge 1. The experimental information about the scalar sector of the
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SM is, however, very poor and leaves room to the introduction of other scalar
SU; singlets or multiplets. There are, in particular quite strong motivations
for extensions of the SM with the introduction of at least one additional
scalar doublet with hypercharge 1. The extension is required, for instance, if
the model is considered as a low energy limit of the minimal supersymmetric
model, which necessarily contains two scalar doublets. Other motivations for
additional doublets arise in axion models or from models of CP violation or
in grand unified theories in order to generate sufficient baryon number %.

The introduction of an additional scalar doublet in the SM requires also
an enlargement of the internal symmetry group by means of a discrete trans-
formation, induced by an involutive operator %, changing the sign of only one
of the two scalar doublets. Invariance under this transformation prevents
the coupling of both scalar doublets to the quark fields, that would give rise
to unwanted phenomenological consequences (flavor changing neutral current
effects).

In the following we shall analyze two possible extensions of the SM along
the lines indicated above. In particular, for each model we shall do the fol-
lowing:

1. determine all the strata of the G-space ® and, therefore all the phases
allowed by the symmetry of the model, independently of the choice of the
potential;

2. construct a complete polynomial invariant potential, ¢.e., a possibly non
renormalizable polynomial invariant potential, which is sufficiently gen-
eral to make physically realizable all the phases allowed by the symmetry
of the model;

3. determine the orbit space of the action of G' on the scalar fields and the
phase space of the physical system described by the model, i.e., iden-
tify, in the space of phenomenological parameters, the stability region of
each phase and determine the possible second and first order inter-phase
boundaries;

4. find the domain of stability of our present day Universe and the possible
paths of its evolution.

2 Model 1

The symmetry group of the Lagrangian is G(') =SU,x U, and its elements are
represented by a pair (u, €®), where u €SU; and @ is real. The model includes,
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Strata  Defining relations Symmetry
S®  p>\pi+pit+pl 2

S®  p=ptpi+m U™

S(O) P = p2 = P3 = Pg = 0 G(l)

Table 1. The index in the symbols distinguishing the strata denotes their dimension
in orbit space. The isotropy group Z» is generated by the element (—12,—1) of
SU,xU; and the group U$™ by the elements (diag{e®,e**}, e%).

besides the matter and gauge fields, two doublets ¢ and x of hypercharge
1. The model is not realistic, since it violates natural flavor conservation
by neutral current effects in the phase that should correspond to the present
phase of our Universe, but it is interesting for our purposes, since it shows that
renormalizability does not necessarily prevent the realizability of a complete
set of symmetry allowed phases..

A MIB is yielded by p; = I;, i = 1,...,4, where the I;’s are the following
four polynomials of second degree:

L=vlo+xix, B=vlo-xx, BL=2R[p'x], L=23[elx]. Q)

The orbit space and the images of the strata of ® in it can be characterized
by means of the P(p) matrix, defined by one of the present authors 2. This
matrix, in the present case, can be easily calculated to be

D1 P2 P3 P4
D p2p1 0 0
P(p) = 2
=% 0| (@)
P4 0 0 p

e R

where the p;’s are to be thought of as independent variables in orbit space.
iFrom positive semi-definiteness and rank conditions of the matrix P(p) one
determines the stratification of orbit space described in Table 1.

In the Euclidean space R?, with Cartesian coordinates (p1,...,ps), the
orbit space is the half-cone bounded by the surface of equation p, = /3, pZ.
The tip of the cone corresponds to the stratum $(9, and the rest of the surface
to the stratum $®, while the interior points form $®.

In order to determine the physically realizable phases when the theory
is renormalizable, a fourth degree polynomial invariant potential has to be
defined



83

R 1A 4 4 4
Vip) =5 > Aypipi+Yy_ aipi= % > Aij(Pi“"li)(Pj_le)"% S Aymin,
dg=1 i=1 id=1 i,4=1
(3)
where 7; = — Z;zl (A~ )i5a;.

To make sure that V(p) is bounded below, we shall assume that the
symmetric real matrix A is positive definite and, only in order to simply the
calculations, without modifying the essence of the results, we shall set A = 1.
Let C = CTUC~ denote the double cone bounded by the surfaces of equation

1 = 4/ E?:z n?. It is then clear that for all 7’s internal to C* (to C™), the

absolute minimum of V (p) is stable in $(9 (S(®), while for 7’s external to C
it is stable in $(3). For 7 on the surface of C* (of C~), the absolute minimum
is on S (in $©), but it is unstable.

If one keeps for the matrix A > 0 a general form, the results do not essen-
tially change: The cone is simply rotated and deformed as a consequence of
independent rescalings along the coordinate axes. So, in the space of the phe-
nomenological parameters (ai,...,a4), there are three disjoint open regions
of stability of the three phases allowed by the symmetry of the model and
associated to the strata of the orbit space. These three regions are separated
by inter-phase boundaries, formed by second order phase transition points.

As explained in ref. 2, in correspondence with stable minima, the number
of null eigenvalues of the mass matrix of the scalar bosons (which is equal to
the matrix of second order derivatives of V) is equal to the dimension of the
orbit hosting the minimum (so, 4, 3 or 0, according as the orbit is in S®),
S@ or SO, respectively), that is, to the number of Goldstone bosons. If the
minimum is unstable, an excess of zero eigenvalues appears, corresponding to
the presence of pseudo-Goldstone bosons. The corresponding eigenvectors lie
in directions which are orthogonal to the stratum at the point of minimum of
V.

The evolution of the Universe described by the model can be represented
by a continuous line in the space of the parameters (a;,...,a4). A random
path in this space has zero probability of crossing the origin, so the only
physically realizable second order phase transitions correspond to transitions
between the phases associated to the strata S and $® or $® and $(®.

We can conclude that this model is both renormalizable and complete.
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3 Model 2

The model contains the same fields as Model 1, but the symmetry group of
the Lagrangian is assumed to be G2 =SU, xU; x {i} x {Ucp}, where i is the
generator of a Z, reflection group and Ucp is the (anti-unitary) generator of
C P-transformations. This group is considered by many authors as a possible
alternative to the SM group for the description of the present phase of our
Universe. At the end of this papers we shall confute the objections moved by
some authors agains this model. The transformation properties of the scalar
doublets ¢ and x under the additional discrete symmetries are the following:

i: (g x) = (o, —x); Ucp: (p,x) = (¥*,x") (4)

and a MIB is yielded by the following four polynomials of second and fourth
degree:

p1=Ils p2=IZ, p3:132, p4=IZ, (5)

where the I;’s are defined in (1). The associated I’S(p) matrix has the following
form

P1 p2 2p3 2py

Sy _| 2o O 0

2ps 0 0 4pipy

W]t

The stratification of orbit space, obtained from the matrix 13(p) just de-
fined, are described in Table 2.

Let us now momentarily forget the renormalizability condition. Then, a
simple potential that is already sufficient to describe all the variants of our
Universe evolution allowed by the symmetry of Model 2, is the following;:

4

Vo) = ) bp} +aips, (")

t,j=1

where the coefficients are all real. It is not difficult to realize that the potential
just defined admits stable minima in each of the strata listed in Table 2,
for suitable values of the parameters a;,...,as. We have also determined
the stability regions in the space of the a;’s for each phase allowed by the
symmetry. The results are resumed in Fig. 1, where each phase is represented
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ai, a2 >0

ai,a2,a3,a3 —as <0
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a1 > 0> a a2 >0>a
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a1, a2,a3 —ag <0
Zi <0< Z3

a1,62 <0< a3, as
Z1 <0< Z3

ai,az,a3,a4 < 0
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5

a1,a2,a3 <0< as, Z

5

a1, a2,04 <0< as, Zs

S@

ai1,02,a3,a4 <0< Zs

Figure 1. Possible phases and corresponding stability regions in the space of the
phenomenological parameters asi,...,a12. Possible second order phase transitions
are only allowed between bordering strata, connected, in the figure, by continuous

lines. The following expressions of the phenomenological parameters are used: Z;

aiaz3+a4/2; Za = a1a2+0a3/2; Zs = (a1—2a2a3)(aa—2a2a3)/(1—4a3)’~(az—a4))/8;
Zs = (a1 — 2a2a4)(az — 201a4)/(1 — 4a2)? — (a4 — @3))/8; Zs = —16a%a} + a2 + al.
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Stratum Defining relations Symmetry

5@ PLP3, PP —P—ps—ps >0 {1}

S pe=0<ps<p -1} {Us™ (m)iUcp}
S pa=0<ps <p}-p} {Ucp}

5 Pl —p3—ps—pa=0>p,ps,ps UF™

$P  py=pi=0<p,i -5} {Us™ () i} x {Ucp}
s P -3 —-pi=ps=0<p1,ps Us™ x {iUcp}

S P —pi—ps=pa=0<p1,ps Us™ x {Ucp}

S§1) P—p2=p3=ps=0<p Us™ x {Us™ ()i} x {Ucp}
s P3=ps=0<p; =—p Us™ i} x {Ucp}
S© 1 =p2=p3=ps=0 G

Table 2. The upper index in the symbols labeling the strata denotes the dimension
of the stratum in orbit space, while the lower one distinguishes distinct strata with
the same dimension. The group UT™ is the subgroup of SU;xU; formed by the
elements (diag{e*®,e™**}, ") and U$™ (r) denotes its element (diag{—1,1}, —1).

by a box in which the relevant stability conditions are specified. The group-
subgroup correlations between nearby strata (phases) are indicated by straight
lines. The 3-dimensional inter-phase boundaries turn out to be related to
second order phase transitions.

Let us assume that Model 2, governed by the potential (7), correctly
formalizes the properties of our present day Universe. In this case, the most
likely values of the phenomenological parameters will correspond to a point
lying in the stability region of the phase associated to the stratum Séa), with
symmetry U§™ . This point has to be close to the boundary with the phase

associated to the stratum sz), with symmetry US$™! x {Ugp}, owing to the
weakness of C'P-violation, justified by the smallness of the expression Zg,
defined in the caption of Figure 2. ;From this state, the Universe can evolve
through the phases indicated in Figure 2, following the straight lines in a
random way, without dramatic events (catastrophes).

Let now revert to Model 2 in a renormalizable version, that we shall call
Model 3.



@ S§3) 553) S§3) S§2) 552) S§2) S§1) Sél) S
0 0 0 2/\1)1 0 2/\1 " 2/\1 ”m 0 /\1 /\1
0 0 0 —2Ap2 0 —2Mp2 -2\ p2 A1 0 A2
0 A 0 -A A1 A2 -\ A2 A2 A3
0 0 A -A A2 —A1 A2 A3 A3 A4

Table 3. Right hand sides of the first four equations (9) for each stratum.

4 Model 3

The internal symmetry group of Model 3 and its content in fields is the same
as in Model 2 (so we can choose the same MIB defined in (5)), but for the
potential we shall assume the most general fourth degree invariant polynomial,
to make sure that no possible phase is lost:

‘73(1)) Z AeJ pip; + Z a; Pi, (8)

a.?" '—'1

where all the parameters are real and Aqg = Ao

The extremum condition for V(p) can be conveniently written in the orbit
space, where they assume the following form in a stratum E defined by the
relations fu(p) =0, a € I, and fﬁ(p) >0, fel, where & and Ty are
the set of values of of the indices o and 8 involved in the equa.htles and,
respectively, inequalities, defining the stratum $ in orbit space 2

220 _ 3 2 22, ©)
Di aCty Di

where the A,’s are real Lagrange multipliers and, for each stratum, the fus

and fg’s can be read out of Table 3. The left and right hand sides of the first

four equations in (9) can be collected in two four dimensional vectors. The

first one has the following components:

(A11p1 + A12pa + @1, A1apr + Agops + az, as, ag), (10)

while the form of the second one depends on the stratum and is listed in the
columns of Table 3, for each stratum of orbit space.

It is immediate to realize, by means of the first four equations in (9)
and Table 3, that there can be extrema of the potential in the strata of
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dimension > 3 only if there exsist some relations between the values of the
ai’s (a3 = a4 = 0, ag = 0, ag = 0 and a3z = a4, respectively, for the strata
8, S§3), Séa) and S;a)). These conditions reduce to zero the measures of
the regions of stability of these extrema in the space of phenomenological
parameters. So, there will not be stable phases associated to the strata of
dimension > 3.

We can conclude that this model is renormalizable, but it is incomplete.
In tree approximation, the phases associated to the strata of dimension > 3
have zero probability to be observed in nature and the statement holds true
at present, for the past and the future.

A considerable effort has been made to determine the radiative correc-
tions to the potential at higher perturbative orders and finite temperature
contributions. None of these corrections can increase the initial number of
phenomenological parameters in the resulting effective potential, and they
must not reduce the initial symmetry of the fourth degree polynomial po-
tential. Of course, the corrections can shift the localization of the absolute
minimum of the potential ®, but no new phase can be created and no unstable
phase can gain stability ©.

5 Completing Model 3: Model 4

The comparison of Model 2 and Model 3 suggests a manner to bypass the
incompatibility between renormalizability and completeness. In fact, if some
of the basic SU; invariant polynomials appearing in the terms of degree > 4
of the potential V, defined in (7), are treated as independent scalar fields,
describing bound states of the original scalar particles, the potential, written
in terms of the new fields, can take on a renormalizable form. In order to
maintain both renormalizability and completeness, the choice of the composite
fields has to fulfill some conditions:

i) The symmetry of the composite fields must be higher than the symmetry
of the initial scalar fields (the isotropy subgroup in G{?) of the new fields
has to be larger than the isotropy group, Za, of the pair (¢, x)). In the
particular case of Model 2, the isospin of the composite particles has to
be zero. This is a consequence of the fact that we are not interested in
finding new possible phases that could originate from non zero VEV’s
of the new fields. We shall rather consider these VEV’s as induced by
non zero VEV’s of the initial basic fields. To realize this situation, the
coefficient of the squares of the composite fields in the potential will have
to be positive.
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=

Fields SU, U; 1 CP

] 2 1 1 ¢
X 2 1 -1 X
F 11 2 -1 F*
G lel 2 -1 -G*
H 1 0 -1 H
L 1 0 -1 -L

Table 4. Full set of fields for Model 4 and corresponding transformation properties
under the group G.

ii) The role of the composite particles is to mimic the effect of the higher
degree terms that make the potential complete. So, in the potential there
must, be terms which are linear in the composite fields and quadratic in
the initial basic fields ¢ and y.

The requirements i) and ii) can be satisfied in a unique way, described in
Table 4, where the complete set of fields to be considered as basic fields in the
construction of the Lagrangian of Model 4 is listed, with the corresponding
transformation properties under the internal symmetry group G.

A MIB, constructed with the fields listed in Table 4, contains more than
30 elements and would be too long to be written down here. We shall limit
ourselves to define a slightly simplified form of a complete fourth degree poly-
nomial invariant potential, which, nevertheless, is sufficient to show that all
the phases listed in Table 2 possess a non-zero measure stability region in the
space of the phenomenological parameters:

Va=3"4, (a:L; +b:;I?) +as H® + by H* + ag L? + bg L* + a7 |F|? + b7 | F|*

+ag |G|2 -+ bg IG‘4 +agHIzs+awo LIy +2a1 3[15 F*] + 2ai §R[15 G*]

(11)

where the invariants I;, i = 1,...,4 are defined in (1) and Iy = [xT72¢] is a

complex second degree SUs-invariant polynomial. In Vjy, the coefficients b;’s

and as, ...,as will be considered to be positive and it will not be essentially
restrictive for our goals, to put all the b;’s equal to 1.

It will be worth noticing that 33 independent phenomenological param-
eters are required to write down the most general fourth degree invariant
polynomial in the fields listed in Table 5. Due to the fact that four of them
(bs, bs, by and bg) must not affect the phase diagram, since a5, ag, a7 and ag
are assumed to be positive, we attain a number of 29 essential phenomenolog-
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ical parameters. In order to assure the physical realizability of all the phases
allowed by the symmetry of the Lagrangian, the minimal degree of the poten-
tial must not be less than 8 3. The number of free parameters involved in the
definition of a general eighth degree polynomial, depending on the MIB (5), is
also 29. Thus, the number of parameters defining the phase diegram relative
to Model 2 and Model 4, with a general form for the potential, is exactly the
same.

The polynomial (11) may be thought of as a suitable approximation of the
general form of a fourth degree polynomial, built in terms of all the fields of
the model. Its use is suggested by the fact that it allows an explicit analytical
determination of all the regions of stability in the space {(a;, as), for each of the
phases listed in Table 2. Let us consider, for example, the phase corresponding
to the stratum S§3). In order to write down the extremum conditions for the
potential (11) relevant to this phase, let us introduce the following general
parametrization of the fields of the model:

i 81 , ,
‘p'__(:.';:iaa); x=(g;:iﬂn); szelﬁl; G=gezr§2_
(12)
and, at points of the stratum S?(,s), 1,72, 0, f,g>0=qn=f=g#HL It
will also be useful to define

0 =a1+P2—01; b2 =0a+P1—b1; O3 = an+P2—082; 04 = aa+Pr—d2. (13)

The solution of the extremum conditions becomes easier in a particular
“gauge”. By means of a SUyxU; transformation one can always choose ry =
a; = 1 = B2 = 0 and in this “gauge” the extremum conditions take the
following simplified form:

1717
21'2———‘i + 8a37'§q2 cos ap + 8a41'2q§ sin® ag + 2a7 H g2 cosas =0,

o6

151%
2q2-;‘1 + 8a3rgq2 cos? as + 8a4r§q2 sin? as + 2a7Hry cosag = 0,

oI, (14)

8(as — a4)r3q2 sinay + 2arHraqz sinaz = 0,

2H (ag + 2bg H?) + 2a77r2q2 cos az = 0.

If H is mall enough (which is the existence condition of a second order phase
transition), from the last two equations one obtains H =~ (av/ag)ragz cos oz,
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with cosaz = a7/ (ag(as—a4)). After insertion of these values of H and cos az,
the first two equations become linear in r3 and ¢2 and can be easily solved

for these variables.

6 Conclusions

The aim of the analysis performed on some simple examples was to illustrate
the fact that, if the renormalizability of the theory has to be considered as an
actual physical constraint on any model of quantum gauge field theory (as was
done in the case of an extension of the SM model with two Higgs doublets),
additional scalar particles have to be included in the theory. The number
and type of such particles depends on the initial fields defining the properties
of our Universe and on the discrete subgroup that is added to gauge group
SU2xU;, to complete the specification of the symmetry of the Lagrangian of
the model. If the composite particles are not included, the model can only
predict an truncated history of the Universe.

The claims by Branco, on the necessity of three Higgs doublets in order
to break spontaneously CP, are not justified in the framework of Model 4,
due to the fact that the phase S§3) is physically realizable
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A complete and rigorous determination of the possible ground states for D-wave
pairing Bose condensates is presented. Using an orbit space approach to the prob-
lem, we find 15 allowed phases (besides the unbroken one), with different sym-
metries, that we thoroughly determine, specifying the group-subgroup relations
between bordering phases.

1 Introduction

The problem of classifying Spontaneous Symmetry Breaking (S.5.B.) patterns
in theories where the ground state is determined as a minimum of a potential
invariant under the action of a compact group G of transformations is relevant
both in elementary particle physics and in solid state physics.

Even if trivial in principle, the concrete determination of minima of G-
invariant potentials is, generally, a difficult tagk, owing to the degeneracies
of the extremal points. A geometric approach, based on the analysis of local
properties of the G-spaces, has been devised to exploit the invariance properties
of the potential. For many years, the study of the lattice of the G-space isotropy
subgroups, complemented with the famous Michel’s conjecture, was used to
determine the residual symmetry after 9.5.B. Independently, in 1971, during

92


mailto:gufan@gufan.rnd.runnet.ru
mailto:gfsartori@pd.infn.it
mailto:talamini@pd.infn.it
mailto:valente@pd.infn.it

93

the first years of the development of the G-space approach, Gufan proposed
the use of a fundamental system of polynomial invariants (integrity bases) to
write the most general form of Landau non-equilibrium potentiall. But it was
in 1981, when counter-examples to Michel’s conjecture began to be discovered,
that a new rigorous method, fully exploiting geometric invariant theory, was
proposed 2. It was demonstrated that the range of a set of basic polynomial
invariants yields an isomorphic image S of the orbit space. A clear method
{hereafter called the P-matriz or orbit space approach), founded on a sounder
mathematical analysis, was discovered to construct S.

In solid state physics, the analytical precision of the approach seemed to
be not esgential to treat second order phage transitions. Actually, the P-matrix
approach appeared to be complicated in real cases, for high cardinality and/or
high degree integrity bages. Some resnlts were obtained with numerical tech-
niques, artificially truncating the non-equilibrium Landau potential in order
that just the lower degree invariants appeared in the expansion 3:4.

In the following years, it was also proved that the P-matrix allows to get,
at least in principle, a model independent clagsification of the theoretically
admissible S.5.B. schemes®.

This communication aims at demonstrating that the geometric method
may be successfully employed in a real problem: the study of the possible
ground states of a D-wave condensate.

After a brief account of the physical motivations behind such problem, we
shall exhibit the results and some mathematical achievements that have per-
mitted to give a detailed description of the orbit space structure of the problem.
Finally, we shall make a remark, showing that the geometrical structure of the
orbit space is sufficient to study the S.S.B. mechanism.

2 Physical motivations

Superfluidity and superconductivity are justified on the basis of the macro-
scopic condensation of Bose quasi-particles. The classical Bardeen, Cooper
and Schrieffer theory for superconductivity dates 1957. Soon after, a BCS-type
transition was proposed for the Fermi system 3He by Anderson and Morel é.
Cooper pair formation was thought to occur in an L # 0 state, to take into
account the hard core nature of He atoms interaction. The superfluid phases
were actually observed 7, and the nature of p-wave pairing is now well estab-
lished for 3He. The theory of L # 0O-superfluids is also relevant for “uncon-
ventional” superconductivity. The high temperature superconducting (HTS)
oxides are anomalous in their non-Fermi liquid normal state properties and
share with heavy fermion superconductors unconventional d-wave pairing .
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The underlying microscopic mechanism inducing superconductivity in thege
materials is still unclear and is one of today’s major challenges 191

Such a situation has motivated the efforts at studying the macroscopic
properties of unconventional superconductors through the Landau theory of
phase transitions'2. Moreover, the identification of the order parameter sym-
metry may be considered as a preliminary task in the construction of viable
models describing the attractive nature of the pairing interaction.

The possible ground states of a high L superfluid has been the object of
intense investigations during the 60’s and the 70’g%:13:14:15,

A definitive answer to the classification of possible symmetry breaking
patterns in D-wave pairing Bose condensate, in the framework of the Landau
theory of phage transitions was recently given in 16,

3 The orbit space approach

Let us briefly recall some basic elements of the orbit space approach!7. To
this end, we shall denote by x € R™ a vector order parameter, transforming
linearly and orthogonally under the compact real symmetry group G, and by
®{cr; 2) the G-invariant free energy, expressed also in terms of state variables
a. The points x4 (), where the function ¢, (z) = ®(a;z) takes on its absolute
minimum, corregpond to the stable phase of the system, whose symmetry is
determined by the isotropy subgroup, Gy, of G at zy. Owing to G-invariance,
the stationary points of the free energy are degenerate along G-orbits. Since
the isotropy subgroups of G at points of the same orbit are conjugate in G,
only the conjugate class, [Gr,), of Gz, in G, i.e. the symmetry (or orbit-type)
of the orbit through o, is physically relevant.

The set of all G-orbits, endowed with the quotient topology and differen-
tiable structure, forms the orbit space, R* /G, of G and the subset of all the
G-orbits with a given symmetry forms a stratum of R"/G. Phage transitions
take place when, by varying the values of the a’s, the point zy(c) is shifted to
an orbit lying on a different stratum. If ®(o;x) is a sufficiently general func-
tion of the a’s, by varying these parameters, it is possible to shift zo{a) on
whichever stratum of R"/G. So, the strata are in one-to-one correspondence
with the symmetry phages allowed by the G-invariance of the free energy. On
the contrary, extra restrictions on the form of the free energy function, not
coming from G-symmetry requirements (e.g., the assumption that the free en-
ergy is a polynomial of low degree), can limit the number of allowed phases.

Being constant along each G-orbit, the free energy may be conveniently
thought of as a function defined in the orbit space of G. This fact can be for-
malized using some basic results of invariant theory. In fact, the G-invariant
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polynomial functions separate the G-orbits, meaning that, for any two distinct
G-orbits, there ig at least a polynomial G-invariant function assuming different
values on them. Moreover, every G-invariant polynomials can be built as real
polynomial functions of a finite set, {pi(x),...,p(z)}, of basic polynomial
invariants (integrity basis of the ring of G-invariant polynomials), which need
not, for general compact groups, be algebraically independent. The number of
algebraically independent elements in a em minimal set of basic polynomial
invariants is nn — », where » is the dimengion of the generic (principal) orbits
of G. Information on the number and degrees of a minimal set of basic invari-
ants, and the degrees of the algebraic relations (syzygies) among them, can be
inferred from the M#lien function of G.

Let us call gg the number of independent elements of the set {p}. The range
of the orbit map, z — p(z) = (p1(z),...,pe(x)) € RY, yields a realization of
the orbit space of the linear group G, as a connected semi-algebraic surface,
i.e. a subset of R?, determined by algebraic equations and inequalities. The
orbit space of G is, therefore, a closed and connected region of a gg-dimensional
algebraic surface, delimited by lower dimensional semi-algebraic surfaces.

Like all gemi-algebraic sets, the orbit space of G presents a natural stratifi-
eation, since it can be congidered as the digjoint union of semi-algebraic subsets
of various dimensions (geometrical strata), each stratum being in the border
of a higher dimensional stratum, but for the highest dimensional one, which is
unique {principal stratum). The connected components of the symmetry strata
are in one-to-one correspondence with the geometrical strata. The symme-
tries of two bordering strata are related by a group subgroup relation (up to
conjugacy) and the lower dimensional stratum has a larger symmetry.

The orbit space can be identified with the semi-algebraic variety, S, formed
by the points p € RY, satisfying the following conditions i) and ii) +18:

i) p lies on the surface, Z, defined by the syzygies;

ii} the g x ¢ matrix ﬁ(p), defined by the relation

ab(p Zajpa(x pr( )a vz e R" (1)

is positive semidefinite at p.

The relations deﬁnmg the strata can be obtained as positivity and rank
conditions on the matrix 2(p) and the minimum of ®(a; :c) can be computed
as a constrained minimum in orbit space of the function @( o p),
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:I;(a;p(:l:)) = &(a;z), Vz e R" (2)
or from the solutions of the equation?

g

Z ab(p)ab QP)ZO, azlw'wQa (3)

b=1

which is equivalent to the state equation, 0®{e; z)/0z; =0, =1,...,n.

4 Symmetry of the allowed D-wave condensate states in isotropic
space

The formation of D-wave condensate states breaks the symmetry of the isotropic
3-dimensional space, which corresponds to the group O3 ®U; x (T}, where Oj
is the complete rotation group, U, is the group of gauge transformations and
(7) is the group generated by the time reversal operator 7.

The symmetry of the allowed D-wave condensate ground states is defined
by the relative values of the complex coefficients in the decomposition of the
gap-function, A, in terms of spherical harmonics with L = 2:

2
AMB,¢)= Y DnY(0,9) (4

m=~2

The set of functions {YJ®,YJ"*} yields a basis of a ten-dimensional (10 D)
space hosting a real representation of the symmetry group O;®U; x (7). A
general element, -y, of the group will be denoted by a triple v = {(p, €%, €),
where, p € O3, 0 € ¢ < 27 and ¢ = —1, or +1 according as a time reflection
ig involved in the transformation, or not.

The action of G can be transferred to a real irreducible action on the 10D
vector formed by the coefficients {Ds,...,D_y,D*,,...,D3}. The representa-
tion of & thus obtained can be realized in the 10 D real vector space of a couple
of two independent, real, second rank, symmetric, traceless tensors, Xg) and

ijz), i,j = 1,2,3, which can be considered as the real and imaginary parts
of a complex 3 x 3 matrix ¢, whose elements will be written in terms of five
complex coordinates, z;:

Z; =T+ 15y, i=1,...,5 z; € R, (5)
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22+ R o z3
P == z —z2 + % z3 . (6)

nom -
The matrix ¢ transforms in the following way under a general transforma-
tion v = {p, ¢,¢) € G:

v =epp'pt, ~E€QG, (M

where ¢’ = i or ¥*, according as € = +1 or —1 and the apex T denotes
transposition. As a consequence, the group G acts as a group of linear, real,
orthogonal transformations on the vector order parameter 2 € R°,

The kernel of the representation of G just defined is the group generated by
the space reflection. So, it will not be restrictive to assume that the symmetry
group is G = 803 ® U; x (T} and, when speaking of G, in the following, we
gshall always refer to thig linear group acting in the vector space R!°.

The linear group G has a trivial principal isotropy subgroup (the isotropy
subgroup of generic points of R'%), thus the principal G-orbits have the same
dimensions as G and its orbit space, i.e., the quotient space R!%/G, has di-
mengions gop = 10 —4 = 6.

The Molien function of G, M{(n), can be calculated in the form of an
invariant Haar integral over G (see, for instance, 1%:2%):

_ du(g)
M) = ¢ det(1-ng)’

where u(g) is a normalized invariant measure on the group G, the integration
is over the whole group G and ¢ € G. An explicit calculation of the integral
leads to

Inl <1, (8)

20 4 12 4 10 4 o8
7+t 4t +1
M = . . g
= T - A= P - ©
Equation (9) yields the following indications, whose validity has been checked
through direct calculations:

1. A minimal integrity basis for the linear group G contains nine elements,
{p1,...,pe} with degrees (d1,...,dp) = (2,4,4,6,6,8,8,10,12).

2. The invariants p; are connected by five independent syzygies of degrees
16, 18, 20, 22 and 24.
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3. The most general G-invariant polynomial, like a general non-equilibrium
polynomial Landau potential, ®{a;p), can be written as a polynomial
function of the elements of the integrity basis {p,},_l .9, in terms of five
a.rbltraxy polynomlals 217 Qt Ql(a P1,. 9p6)$ i= 3

=Qo+Qipr+Qaps +Qapo+ Qupr o (10)

The elements of the minimal integrity basis can be chosen in the following
form:

p = TY(T/"/)*)"Zl-lwf, pe = R[Tr(¥*)Tr(yp*y* )Ty )],
po= Ty, pro= R [Ty (Te(p?y"))’]

o mo= R T ()],
ps = (Tr(*y")P, po = R ()" (Tx(¥%)’].

(11)

Using these definitions, we have determined the explicit form of the syzy-
gies, of the P-matrix elements, of the equations and inequalities determining
the strata in the orbit space of G. For each stratum, denoted by S%"), where
d denotes the dimension and r is an enumeration index, we have picked up a
“typical point” and determined the corresponding isotropy subgroup of G. All
thege results are eggential pre-requisites for a rigorous calculation of the minima
of a G-invariant polynomial along the lineg indicated in the Introduction.

Part of our results are resumed in Tables 1, 2 and 3 and in Fig. 1, where
the group-subgroup relations among the symmetries of bordering strata are
also gpecified.

The explicit expresgions of the syzygies and of the elements of the ﬁ(p)
matrix and the relations defining higher dimensional strata would require too
much space to be written down here. We just stress that to overcome some
computational difficulties in the full characterization of the stratification of
the orbit space, we have devised a sophisticated procedure, allowing ug to
obtain rational parametric equations also for the higher dimensional gtrata.
The procedure is quite general and is reminiscent, but in a different context
and dimensionality, of classical techniques for parameterizing plane algebraic
Curves.

As a simple example of the effectiveness of our approach, we have cal-
culated the minimum of a general fourth degree polynomial G-invariant free
energy
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- 3 2
' (p) = ap %1- -+ Zaj pi, s €ER (12)
j=1
in the additional assumptions that it is bounded below and has a local max-
imum at the origin (@1 < 0); obviously, in {12) the @;, i = 1...3 are phe-
nomenological parameters.
With the definitions:

. P - w -
b; = d:/z’ b= (p2’---1p9)a (13)
Py
and

A(p) =g +2a2p +2a3 Fs, (14)

the polynomial %) (p) can be put in the following convenient form:

O _ﬁ_ .
2 (p) = - AP) + au ps. (15)

Since, owing to its definition, p; ranges over the whole non negative real
numbers, d*) (p)| is bounded below, in the agsumption @; < 0 (stability
condition), if and only if the minimum, &, of A(;“a)lmz1 is positive. Being the
minimum of the r.h.s. of (15), thought of as a function only of p; > 0, equal
to —a1/(24), the absolute minimum of &4 (p)] is —a?/(26). In this way,
the problems of rendering explicit the stability condltlon and evaluating the
minimum of @(p)|P s are reduced to the calculation of 4.

The absolute minimum of § in each singular stratum can be easily ob-
tained from the equations of the strata, listed in Tables 1 and 2 for strata with
dimengions < 3. For the principal stratum, it is easier to solve the projection
of equation {3) in the unit sphere (Egl 72 = p; = 1), which, using {13), can
be written in the form ®

9
L "

and to select, subsequently, the golutiong lying in the principal stratum.

A comparison of the values of the minima in the different strata, obtained
in this way, leads to the results resumed in Table 4 and illustrated in Figure
2. Owing to the low degree of the polynomial defining &) (p) in (12), and the
congequent low number of free parameters a, the abgsolute minimum presents



100

Table 1: Relations defining strata, §(1:"), of dimensions 1 in orbit space. For 2 < § < 9,
g = 7i /(p1‘/ 2) and d; denotes the degree of the polynomial p;{z) (& is the order parameter).

T P2 D3 Ps Ps  Pe Dr  Ps Do
1 1 0 0 0 0 0 0 0
2 1/2 1 1/6 1/6 1/6 1/6 1/6 1/6
3 1721 0 0 0 0 0 0
4 1/3 0 13 0 0 0 0 0
512 0 0 0 0 0 0 0

Table 2: Relations defining strata, S(2:7), of dimensions 2 in orbit space. The §;'s are defined
as in Table 1 and ¢ = 1.

\r 1 2 3 4 5
Do (2+¢£%)/6 1/2 (24+¢£%)/6 1/2 £
s 0 ¢ £ 1 2-2¢
fe R-62(1+H/12 0 (2-8€(1+9/12 ¢ 0
P 0 0 E(1+8)/12 3 0
g 0 0 @-9Ha+ee2 ¢ 0
Pr 0 0 (1+¢)¢/12 3 0
Ps 0 0 (@2-9a+ee/12 ¢ 0
o 0 0 (2-02°1+&€&N12 ¢ 0

£ range 0, 58] 10,1] 10,¢[ 10,50 131
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Table 3: Possible symmetry strata, 547, for D-wave driven pairing in isotropic space (d
denotes the dimengion of the stratum and r is a secondary enumeration index). From left
to right, the columns refer to phase reference numbers according to our({d, +)) classification,
order (|H!) and residual symmetry group {H), complex coordinates (2; = z; + izsiy,
§ = 1,...,58) of the H-invariant superconducting vector order parameter In coluymn four,
the ’s are real coordinates, while the v’s are complex ones. The notations are the same
as in [22], R, () denotes a clockwise proper rotation of the vectors, about the z-axis and
03 = {Re{d)}ocpcan V{CRa(P)locp<an-

(d,’!’) IHI H (51,"'135)
(L,1) oo (CaT) X {Re(9) U1(29)}¢ (it,-¢,0,0,0)
(1,2) oo §R(T) (0,0,0,0,¢)
(1,3) 16 {Caz, T, CeUi (7)) (0,t,0,0,0)
(la 4) 24 (0231 C?aT1 035 Uy (471'/3» (01 —it, 0,0, t)
(1,5) oo (CaeT) X {Ra(¢) Ur(=d)}s (0,0,t, —it,0)
(2’ 1) 6 (C2wT1 C3zU1 (47]'/3)) (itls ""tli t21 "Zt210)
(2,2) 4 (Cop T, Co, Uy (m)) (0,0,11,it2,0)
(2, 3) 8 (CZma 041,7} (01 itla 01 Oa t?)
(2,4) 8 (CazsCaz, T) (0,£1,0,0,%)
(25 5) 8 (CQwTa O4zUl (71')) (itla ta, 0: 0, 0)
(31 1) 4 (CQzaC2xT) (it11t2a0’01 t3)
3,2 4 {Caz, C2z) (0,v1,0,0,v2)
4,1y 2 (Cox T} (it1, ta, t3, ite, t5)
(4’2) 2 <02z> ('Uj_,’UQ, 0,0,'1)3)
(67 1) 1 {1} ('01,1)2,”31 U4,'Us)

Table 4: Absolute minimum, 35}:‘) '« = —a3/(26), of a general, bounded below, G-invariant
4-th degree polynomial, ®*Xa,p) = aop?/2 + Z;’___l a;p;, a1 < 0, and hosting strata,

57) as functions of the coefficients o The denomination of the strata is the same as in
Table 3.

o range g (d,7)
Ry Max(0,—30g/2,—fB0g)<og apt+2as/3 (1,4)
Rao: —Boag>oa>Max{—wp—20g,2a3)  opt+ast2ag {1,2), {1,3), {2,4)
Ra: —ap/2< 0z <Min{0,2a3) ap+2az (1,1)
Ris: O=wa<Min{og,as) op (1,1), (1,4), (1,5), (2,1), (3,1), (4,1)
Raz: Max(—8ap/2,0)<az=—6ag ap—4o0g (1,2), {1,3), (1,4), {2,3), (2,4), (8,2)
Rag: —an/2<ae=2a3<0 apt4as (1,1), (1,2), (1,3), (2,4), (2,5)

Rizy: ae=as=0<wp oy al], EXCEPt (0,1)
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Figure 1: Possible phase transitions between bordering strata, connected, in the figure, by
continuous sequences of one or more arrows. The notations are the same as in Table 3.

§© = {0}
SO;@ U1 x T

g@ §(2.2) 5@ 54 5(2.8)

S(s’l) = Sprincipal
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Figure 2: Localization of the absolute minimum of a fourth degree G-invariant polynomial,
&4 a,p) = nop?/2 + Z?:l ayp;, o1 < 0, as a function of its coefficients. For values of

(ag; a2,03) in Ry or in Rg or in R3, the absolute minimum lies, respectively, in the strata
514 or {§11.2), 51,3}, 5(%4}} (degenerate minimum) or 5(11). For particular values of the
«’s, see Table 4.

o2

=TT

£0 97 T

Rq_ e 1)) > —2@2

Rat g > —20a/3

=0

Qg

Rs: ag>—az—204
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strong degeneracy, particularly for special values of the a’s. If thege special
values are excluded, spontaneous breaking of the symmetry can generate only
five distinct phases out of fifteen permitted by the G-symmetry; some of them
are unsgtable. For no non trivial values of (a2, o3) does the absolute minimum
lie on the stratum S22,

Let us add a few words about the perturbative stability of the three de-
generate phases in the region R (see Table 4). For {ap, s, as) € Ra, the
addition to the free energy, ®(4)(p), of a "small” perturbation, consisting in an
invariant polynomial of degree six, ©® = a4 py + ag ps, splits the three de-
generate minima determined by the 4-th degreee term®. This is easy to check,
at least in the additional assumption that the perturbation leaves the absolute
minimum in one of the strata corresponding to the degenerate phases. In fact,
at the first perturbative order, one obtains from Tableg 1 and 2 the following
shifts, @g&»)’ in the values of the 6-th order free energy at the points where

®(4)(p) takes on its degenerate absolute minimum under consideration:

251

3
"E—) (04 + 055) £
17

@  _ feNg ag+ oy 8
O = (75-) g @f1?3)

where 0 < £ < 1/6.

Since —a1/d > 0, the absolute minimum will be perturbatively stable on
8§12 or, respectively, 8413}, according as s + ay is negative or positive.

The difficulties mentioned above can be overcome if one puts legs restrictive
upper limits to the degree of the polynomial describing the free energy. It
ig trivial, for instance, to realize that the following class of bounded below
polynomial functions 17 have a vanishing maximum at the origin of R!® and
display an absolute minimum at the arbitrarily chosen point p € §:

8
=0, 0, =(

9
> o [(Pi ~5)™™ —ﬁ?n‘] ; (18)
=1

where the a's are positive constanis and the rn's are positive integers.

Thus, the very fact that, with a convenient choice of the invariant potential,
anyone of the phases of the system may be forced to correspond to the ground
state, demonstrates that the orbit space formulation offers a big advantage
to deal with S.8.B.: it ig posgible, at least in principle, to determine all the
phages of the problem allowed by the considered symmetry, independently of
the particular form assumed for the potential. What one really needs to study

%The inclusion of terms of 6-th degree, depending only on p1,ps and ps would be useless for
splitting the degenerate minima, so these terms will be neglected, with no loss of generality.
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ig just the geometric structure of the orbit space for the physical system under
investigation.
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PARENT PHASE AS A ZERO APPROXIMATION IN PHASE
TRANSITION THEORY

YU. M. GUFAN, 1. A. SERGIENKO, M. B. STRYUKOV
Institute of Physics of Rostou State University,
194 Stachki, Rostov-on-Don, 844090, Russia
E-mail: gufan@gufen.rnd.runnet.ru, iserg@uic.rsu.ru

The concept of parent phase in phase transition theory and the advantages of this
approach are elucidated by consideration of phase transition sequence in PrAlQ3.

1 The concept of parent phase

Achievements of phase transition (PT) theory in elements and simple com-
pounds are mainly due to their actual symmetry, which is high enough under
definite external conditions. The symmetry provides selection rules and rigor-
ous correlations between interatomic couplings responsible for phase stability.
At the same time primitive cells of complex compounds are constituted by sev-
eral sublattices, which gradually reduce the crystal symmetry being shifted
from symmetrical sites due to chemical or any other reasons. The energy re-
sponsible for these shifts of the sublattices is of the same order of magnitude as
the energy responsible for the PT’s. This fact makes it possible to introduce
the concept of parent phase. The parent phase is a hypothetical (or actual)
structure that roughly coincides with an actual crystal structure, but all the
sublattices are arranged at the most symmetrical positions. This approach
allows considering a real transition between actual phases as a transition be-
tween the phases, whose symmetry groups are subgroups of their joint parent
phase symmetry group. It provides additional approximate selection rules,
which simplify a mathematical representation of the theory and lead to solu-
tions of some problems, for example, the definition of the energy spectrum of
compounds and its dependence on external conditions.

To illustrate the fruitfulness of the parent phase approach we consider a
relatively simple example of PT’s in the binary oxide PrAlOs;, which was of
great interest due to its multiphase phase diagram, sufficient chemical stability
and possible application of EPR spectra of Pr®* ions in frequency tunable
lasers.
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Figure 1. (a) Correlation between the primitive cells of parent cubic phase and actual
rhombohedral phase of ng symmetry. Elementary translations of the cubic (a1, a2,a3) and
rhombohedral (d1,dz,d3) phases are shown. (b) Shifts of oxygen ions in the rhombohedral
phase with respect to two adjacent primitive cells of the parent phase.

2 Actual crystal structures of PrAlQO;

PrAlO; belongs to a rich family of perovskitelike crystals. It displays D
symmetry at room temperature > and undergoes three PT’s on cooling down
to 50 K 3% under normal pressure. The set of symmetries corresponding to
different phases of PrAlO; may be arranged in a sequence as follows:

205K 161K 90
DSy & D} +— C3, 2% pys, (1)

where the values over the arrows are the temperatures of the PT’s.

The primitive cell of the rhombohedral phase with ng symmetry con-
tains two chemical units (PrAlQ;s). Nodes of the sublattices occupied by ions
of different elements are disposed at regular point systems or Wyckoff po-
sitions (WP) ¢ as shown on Figure 1. The coordinates of two Pr ions are
(5% %) and (,%,2) with respect to rhombohedral axes, thus, they occupy
WP 2(a). Two Alions occupy the sites with coordinates (0,0,0) and ( ,1] , ;, ; ,
i.e. WP 2(b). Six oxygen ions belong to the unique sublattice constituted by
WP 6(e). Here we present only one point of the 6(e) sublattice (3=, 3 +=, )
to stress that the point symmetry of the oxygen position is Ca, which allows
a temperature dependent shift £ along the twofold axis.

The structure of the orthorhombic (D2}) phase is characterized by an

elementary cell that contains four chemical units. Twelve oxygen ions belong
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Figure 2. (a) Correlation between the elementary cells of cubic parent phase and ac-
tual orthorhombic phase of D28 symmetry. Elementary translations of the orthorhombic
(c1,¢2,c3) phase are shown. (b) Shifts of oxygen and Pr ions in the orthorhombic phase
with respect to two adjacent primitive celis of the parent phase.

to two WP’s (Fig. 2): i) 8(g), which can be generated from the representative
point (1,y,%), and ii) 4(e), whose representative point is (0, 1, z). Both these
positions are characterized by variable shift parameters depending on external
conditions (temperature, pressure, etc). We choose the origin of coordinates
at a site proper for Al ion as it was done for the rhombohedral phase. The
sublattice of Al ions is situated at WP 4(a), and the Pr ions are arranged at
Wg 4(e) with representative point (0, g, %4-6). The symmetry of this position
18 Cay.

3 Minimal number of phenomenological parameters
accounting for the 205 K phase transition

It is obvious that the symmetries of the rhombohedral and orthorhombic
phases are not connected by group - subgroup relation. Thus, the PT at 205K
must be of first order. To describe it, one needs to calculate free energies of
the two phases and compare them to determine the line of PT on the temper-
ature - pressure phase diagram. The internal energy of sublattices depends
on interatomic interactions, which are very complex to be calculated using a
quantum mechanical approach. Usually only isotropic pair interactions in few
coordination spheres are assumed. The minimal number of phenomenological
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parameters defining a pair interaction is two 7. Three coordination spheres
should be taken into account to describe the perovskite structure stable with
respect to fluctuations of composition . The internal energy depends on
the interatomic distances, which are defined by the lattice constants and the
parameters describing ion shifts from their symmetrical points.

Therefore, it is easy to determine the minimal set of phenomenological
parameters describing the PT at 205K. There are six model potentials of
interatomic interactions: Pr-Pr, Pr-O, Pr-Al, Al-Al, Al-O and O-O. They in-
troduce 12 phenomenological parameters in the theory. Interatomic distances
in the rhombohedral phase depend on three variables (lattice constant, rhom-
bohedral angle and oxygen shifts). In the orthorhombic phase, interatomic
distances depend on 6 variables. Totally, the number of parameters in this
very simple "molecular” model of PT in PrAlO; is 21. Of course, each of
these parameters depends on external conditions. Just these dependences are
responsible for the PT.

4 Parent phase approximation

The most symmetrical structure known for perovskite compounds is the cubic
one with symmetry O}. In this structure, containing one chemical unit, Al
ions occupy WP 1(a), while Pr ions occupy WP 1(b) and oxygen ions - WP
3(c). This structure is usually used as a parent phase for PTs in perovskites.
In particular, the whole set of structures that are proper for the sequence of
PTs (1) can be considered as induced from the parent phase by one irreducible
three component order parameter {(OP). Its transformation properties under
the action of the translation subgroup of O} are described by the vector of
reciprocal space that ends in the R-point of the Brillouin zone of the simple
cubic lattice (k = 3(by + bz + b)) ?. It means that the nonequilibrium
Landau potential, which accounts for the whole set of PT’s (1), should depend
on the three invariants:

Jo=nmi+m 403, J=mni+nini+mns, J=mmn. (2
Here 71,72, 73 - are components of the OP. The possible low symmetry phases

in invariant form can be determined from semi-positivity and rank conditions
of the Sartori’s P-matrix 10:11:

4J; 8.J, 123
P(J],J2,J3) =l 8J2 45 Jo+12J3 81 J3 (3)
12J3 8N J3 4 J3
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Figure 3. Phase diagram of PrAlOg near the 5-phase point. The olid line is the line of
first order rhombohedral - orthorhombic phase transition. The dotted lines correspond to
second order phase transitions. The dashed lines are stability boundaries of rhombohedral
and orthorhombic phases.

It follows from (3) that there are 8 phases of different structures, which can
be induced by this OP. To describe the four phases of different symmetries
that are presented in the sequence (1) it is enough to use a Landau potential
of eighth degree with respect to the components of the OP and to assume
that the OP is small enough to justify N-phase point approximation.

Below we present the phase diagram obtained within the framework of
the Landau potential:

P = qgy J1+0,2J12+0,3Jf+a4.]f+b1 J2+b2J22+012J1 J2+0112J12J2+d1 Js+ciz 1 Js.
(4)
The Landau potential (4) depends on 10 phenomenological parameters.
According to catastrophe theory, only 6 of them may depend on external con-
ditions 2. Tt provides the possibility to describe boundaries between phases
from the sequence (1). The phase stability boundaries and lines of PT’s
are qualitatively drawn on the plane (ay,4;) (Fig. 3). A phase diagram of
this type corresponds to the additional assumptions: as > 0,d; > 0 and
4aoby — 0%2 > 0.
The PT between the rhombohedral and orthorhombic phases corresponds
to the line

(9¢i2 + 2d1)ay

bl = 902
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The region of stability of the rhombohedral phase extends as far as the
line

by = (3612 + dl)al _ (2b2 + 13 + 36112)0% " (2703 + 3c12 — dl)(3612 + dl)af
! 6a, 12a2 63a3

(6)

The orthorhombic phase is stable between the lines

(2(,‘12 + dy )a1 _ (bz + c13 + 26112)0‘% 4 (1203 + c12 — dl)(2c12 + dl)a%

b= 4a, 8a3 64a3 .

and

b = 1201 _ (b2 + 2c112)a} | (12a3 + cra)crza?
2a, 8a2 32a3

8)

At the line (8) a second order PT to the monoclinic C3, phase occurs. The
second order PT between the monoclinic and tetragonal (D}%) phases corre-
sponds to the line

2 2
b = C1201 _ C11207 | 303C120% 9)
1 = — .

2a49 4a3 8a3

5 Correlation between the EPR lines of the rhombohedral and
orthorhombic phases

Parent phase not only serves as a tool for definition of phase stability regions
but also helps to calculate the EPR spectra of rare earth elements in different
phases even if their symmetries are not connected by a group - subgroup
relation. Thus, according to the parent phase symmetry O}, its subgroups
D§; and D2} are connected by their joint subgroup C%,. In the D§; phase
the OP components are equal: 73 = 12 = 73. In the orthorhombic phase:
71 = 72,M3 = 0. Their joint subgroup Cg,, corresponds to the relation 71 =
T2 > 73.

We consider the electronic energy level of Pr3* ions that is triply degen-
erate in the cubic parent phase. It is possible due to cubic point symmetry
of WP 1(a) of O} occupied by Pr ions. In first approximation splitting of the
triply degenerate electronic level under the influence of crystal field induced
by the OP components is defined by the secular equation:
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€3 +e[3A2(J? - 30,) — LB(JE — )] + (3A - B)?(3A +2B)J
+%A(B2 - 5AYHJ} + %A[(3A)2 -~ B%J,J2 =0,

where A and B are diagonal and off-diagonal matrix elements of the crystal
field energy, averaged over electronic wave functions in zero approximation,
and ¢ is the value of the splitting. Eq. (10) can easily be solved if n; = 772 # 73:

(10)

1/2
e12 = {Alnf — 1) — Bof & [(3A(nf ~nd) + Bod)? + 8Bning] °}, 1,
es = —A(n} —n3) + Bn}.
Equations (11) connect the electronic spectrum lines in rhombohedral and

orthorhombic phases if one supposes 7? = 2 for the former case and 73 = 0
for the latter.
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SYMMETRIES AND REDUCTIONS OF THE
2+1-DIMENSIONAL VARIABLE COEFFICIENT BURGERS
EQUATION
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80626, Istanbul, Turkey
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We study symmetries of a 2+1-dimensional Burgers equation with variable coef-
ficient. We show that the equation admits an infinite-dimensional Lie algebra as
the algebra of its symmetry group which does not have a Virasoro structure whose
presence characterize integrability for PDEs in more than 141-dimensions. We
give a classification of its low-dimensional subalgebras and obtain reduced ODEs.
In contrast to an integrable PDE, its reductions to ODEs do not lead to Painlevé
type equations. We pick out of them those equations which pass the Painlevé test
and obtain their exact solutions.

1 Introduction

The two-dimensional generalized Burgers equation
(U + UUy — Ugz)e +Uyy =0, (1)

which is sometimes referred to as the Zabolotskaya-Khokhlov equation arises
in nonlinear acoustics 2. Painlevé analysis of (1) was carried out in 3. The
authors showed that the equation possesses the conditional Painlevé property
and obtained its exact solutions by use of truncation. Moreover, the conser-
vation laws and Lie point symmetries of eq. (1) have been investigated in 4,
(see also ® for a comment).

In this paper we shall study the symmetry properties of the variable
coefficient version of (1) ®

(U + vy — Ugz)z + S(H)uy, = 0. (2

We first determine the form of the function s(t) which allows a nontrivial
symmetry group, i.e. look at a group classification problem, then identify its
Lie algebra. We use the two-dimensional subalgebras to perform reductions
to ODEs. Finally we analyze the reduced ODEs. Let us mention that a
symmetry analysis of a variable coefficient KP equation was performed in 7.
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2 The Symmetry Group

The algorithm for determining the form of a symmetry vector field realizing
the Lie algebra of the symmetry group for a given system of differential equa-
tions is described in any book on the subject (see e.g. ref. 8). Applying to
the equation (2) we obtain the following:
Case I. s(t) arbitrary.

The symmetry algebra is infinite dimensional and a general element is
represented by

V=X()+Y), ®
X() = F00. + £ )0, (42)
V(o) = 90, ~ S0, - (5.3) . (4b)

where f(t) and g(t) are arbitrary smooth functions and the primes denote
time derivatives. The commutation relations are

[X(f), X(£)1=0,  [X(£),Y(9)]=0,

1 ®)
[Y(91), Y (92)] = X (57 (9192 — 9192))-

From (5) we see that the symmetry algebra has a Kac-Moody structure but not
a Virasoro structure which is typical for 2+1-dimensional integrable equations.
In a more general setting we studied a generalized KP equation with
coefficients depending on nine arbitrary functions of one, or two variables ®
from a different point of view. We determined the conditions on coefficients
under which the equation is invariant under the Kac-Moody-Virasoro algebra
and under the Kac-Moody type algebra only.
Case II. s(t) = ot*, o= const.
In this case, in addition to V in (3) we have the following basis element
(a dilation)

(3+20)

Da=zam+ 2

yOy + 2t0; — ub,. (6a)

Case IIL. s(t) = 0e®t, g= const.
In this case the symmetry algebra is represented by V' in (3} further
extended by the following additional element

To =8 + %yay. (6b)
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When s(t) is constant the symmetry algebra is even much larger.
Case IV. s=const.
The symmetry algebra is L, with two additional generators

Dy = 20 + gyay + 2t0; — u0,y, To = 0. (7)
The non-zero commutators amongst Dy, T, X(f) and Y (g) are
[X(f), D] = X(f = 2tf"),  [¥(g),Da] = Y (8520 —atg"),

X(f), Ta] = —X(f7, [V (6).Ta] = Y (24 - ¢). ®)

The Lie algebra L with a basis X (f), Y (g9) and Dy or T can be written as a
semi-direct sum

L={X(f),Y(9}®, S 9
where S = {D,} or § = {T,}. For the last case we write
L ={X(f),Y(9)} @ {Do, To}- (10)

Restricting f(t} and g(t) to be linear polynomials we obtain obvious phys-
ical symmetries spanned by

X=X(1)=08,, Y=Y(1)=0,, B=X(t)=1d+0,

R=Y(t) = —%yam + 18, a1

which are space translations, Galilei transformations in the z direction and
pseudo-rotations, respectively. The six-dimensional subalgebra

LO = {T01X1 Y1 DO) R, B}
is solvable and contains a five-dimensional nilpotent ideal (the Nilradical)
NR(Ly) = {Tv,X,Y, R, B}

3 Reductions to ODEs

Although the original equation is not completely integrable the existence of
the infinite dimensional symmetry algebra makes it possible to reduce it to
ODEs which are in general do not have the Painleve property, but otherwise
we can pick out those equations having the Painleve property among the
generically non-Painleve ones. We restrict our attention to the cases II and
I
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For a systematic reduction we need a classification of low-dimensional sub-
algebras. Methods available for the classification of finite dimensional algebras
to a great degree can be applied to classification of infinite-dimensional ones.
Since we need two-dimensional subalgebras to be able to reduce to ODEs, we
embed the non-conjugate one-dimensional subalgebras into two-dimensional
subalgebras and obtain the following subalgebras:

Abelian:

Ly = {Dcn Y(t(3+2a)/4) + VX(t1/2)}a Ly2 = {Ta’ Y(eat/2) + a"’}’
Non-Abelian:
Lys = {Dg, B+ Y(t(5+2a)/4)}’ Los = {Ta, Y(e(a+2)/2t) + X(et)}.

3.1 Reduced ODEs and Discussion of Solutions

1) L2,1 :
Invariance under the two-dimensional subalgebra L2 gives the invariant so-
lution

— p=1/2 Vo _(s+2ay/a 3+ 20)(1+20) 5 (440
=t H(p) + 2yt + 64 y°t )

1/2 (3+20)/4 | 3 +62a 2= (3+20)/2
1

p=xt™ /% —vyt™

where H(p) satisfies the second order ODE

(1- 2a)H _ (1+20)(3 +2a)
8 B 32

where C is an integration constant. This ODE belongs to the polynomial

class of equations of second order '°. We have not been able to integrate this

ODE for any value of the parameter &, nor we have found a first integral of

polynomial type. However, for & = —3/2 Equation (12) is reduced to the

Riccati equation of first. order

H" —HH’+(§ ~1)H + p+C  (12)

1 1
H - §H2 + §pH = cop + C1- (13)
By the substitution H = 2(H + £), one obtains the normal form of (13)
2
. . 1
A =H? =P O =22 1
+S(p), S TP te Bi=g g (14)

This particular value of o is the only value for which (12) passes the Painlevé
test which is often an indication for the solution of the equation to be expressed
in terms of elementary functions or elliptic functions. Indeed, for a particular
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choice of arbitrary constants, namely when é; = 0, and ¢; = 0 the general
solution of the normalized Riccati equation (14) is expressible in terms of the
modified Bessel functions of fractional order in the form

k(o) = /P [kl hys (32> +ha Loy (Q’;)]

where H is obtained from k through logarithmic differentiation as

2) Lz’z :
Invariance under L2 implies that the solution has the form

=H = a2 ,—at
u=H(p) + = T y e,
p=2z—ye —at/2 + _gyze—at
with H(p) satisfying the second order ODE

2
H' -HH —-H - 2H=0Cc+ %),

4 8
For v = 0 it is immediate to see that this equation has a first integral
1
H'—-2-H2—H=60p+cl (15)

which is a Riccati equation. Again, this equation has an exact solution in
terms of Bessel functions.

3) Lzyg :

Invariance under L, 3 implies that the solution has the form

(2a + 5)(2a - 1) Zt_(a+2)
32 ’
(3+20)/4 4 2a1; 5y2t—(3+2a)/2

u=t"Y2H(p) +yt~C+2e)/4 4

p=gzt~!/?

— yt_
with H(p) satisfying a second order ODE of the same form as (12).
4.) L2’4 :

Invariance under L, 4 implies that the solution is

2
-4
u = H(p) +ye /2 + Gl T )yze"“t,

p=g —ye~®? 4 (a ;- 2) yle—ot
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with H(p) satisfying

2 _4
H"——HH'—a1_2H——a —r=C.

Onee again, for « = —2, following an integration we have the Riccati equation

1
H = —2—H2+cop+c1
as a first integral. Solving this equation provides us with the solutions of
the original equation invariant under the two-dimensional subalgebra {8; —
yOy, 8y + €'(8; + 8..)}. However, setting a = 2 we have

H'-HH'-H=C

which is not of the Painlevé type. This is to be expected because transforming
from variables (p, H(p)) to (R,G(R)) by setting R = H, G = H' reduces it
to an Abel equation of the second kind

GGr — RG(R) -~ R=C.

For other values of a, unfortunately we failed to solve it completely or to find
a first integral.
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The Camassa-Holm equation of shallow water theory is generalized to fluid flow
over a two-dimensional sea bottom. As in the one-dimensional case the result-
ing equations are of Euler-Poincaré type. The dynamics of the one-dimensional
Camassa-Holm equation embeds into the dynamics of the new equations.

1 Introduction

In this note we present the derivation of a higher-dimensional version of the
Camassa-Holm equation

Ut — Uggr + UL — 2UgUpe — Ulgae = 0. (1)

This equation is sometimes also called the Fokas-Fuchssteiner-Camassa-Holm
equation, because it was obtained first by Fokas and Fuchssteiner ®, who noted
that it is an integrable partial differential equation. The equation was rederived
by Camassa and Holm ! in a fluid dynamical context. In their interpretation,
t € R is the time variable, £ € R parametrizes a one-dimensional flat sea
bottom and u(t,z) € R is the component parallel to this bottom of the spatial
velocity field of an ideal, i.e. inviscid and incompressible fluid. Camassa and
Holm also discovered that equation (1) has weak soliton solutions of the form

u(t,z) =ce”*"%, ceR, (2)

called ‘peakons’ because their derivative has a discontinuity at = = ct.

In this note we generalize the derivation of Camassa and Holm, also pre-
sentend in Constantin?, to fluid flow over a two-dimensional bottom. We note,
that in Clarkson et al. 3 there is another two-dimensional version of equation
(1), which, however, does not seem to have any physical interpretation. Also,
the famous Euler-a equations® can be regarded as a higher dimensional version
of the Camassa-Holm equation, because they have the same geometric struc-
ture of being Euler-Poincaré equations (this notion will be explained in the
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following section). However, the fluid-dynamical background of both equations
is rather different: The Camassa-Holm equation is derived as a shallow-water
approximation for ideal fluid flow with a free boundary, whereas the Euler-«
equations are an “averaged” version of the Euler equations for an ideal fluid
without a free boundary. Since our higher-dimensional Camassa-Holm equa-
tions are Euler-Poincaré equations, we start in section 2 by explaining the
notion of Euler-Poincaré equations, closely following the presentation of Mars-
den and Ratiu®. In section 3 the two-dimensional Camassa-Holm equations
are derived, followed by a discussion of some of their properties in section 4
and some remarks on the numerical treatment of the equations in section 5.

2 Euler-Poincaré Equations

The dynamics of a conservative mechanical system often can be described by
Euler-Lagrange equations. If TQ is the tangent bundle of the configuration
space ) of the mechanical system with canonical local coordinates ¢, ¢ and
if L:TQ — R is the Lagrangian of the system , then the Euler-Lagrange
equations are given by

doL oL

dt 8 0g’
In case that the configuration space is a Lie group G and the Lagrangian
L : TG — R is invariant under the lift of the right translation in G to the
tangent bundle TG, the dynamics on TG induces a dynamical system on the
Lie algebra g which is described by the Euler-Poincaré equations. The precise
statement is as follows:
Theorem 1 (Marsden-Ratiu) Let G be a Lie group with unit element e,
TG its tangent bundle, and g = T,G its Lie algebra with Lie bracket [-,-] and
dual space g*. Let ad” : g X g* = g denote the coadjoint action of g on g*.
Burthermore, let L : TG — R be a right-invariant Lagrangion, | : ¢ - R its
restriction to g = T.G, and let :‘%(E) € g* be the derivative of L at £ € g. To a
curve g(t) in G associate the curve £(t) = §(t)g(t)™' = TRy4)-1g in g. Then
the following statements are equivalent:

1. g(t) is a solution of the Euler-Lagrange equations for L.
2. &(t) is a solution of the Euler-Poincaré equations
dél__ il
dt 8¢ 8¢’
Note, that the functional L is completely determined by . (In the reference®
other equivalent statements involving variational principles are given.)

~ad; (3)
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Euler Poincaré equations are ubiquous in the theory of ideal fluids as the

examples below show. We note that our discussion at this point and also in the
following sections is on a formal level, i.e. we do not specify function spaces for
the occuring maps and vector fields. A basic requirement in all of the following
is that it is possible to integrate by parts and that boundary terms vanish upon
doing so.
Example 1 (BEuler equations for an ideal fluid): Let G = Diff, (D) denote
the group of volume-preserving diffeomorphisms of a region D in R3. G is the
configuration space of an ideal fluid that completely fills D in the Lagrangian
description of motion where one keeps track of the position of each individual
fluid particle. The Lie algebra g of G is the algebra of divergence-free vector
fields X 4;,(D) on D. X;,(D) is the Eulerian configuration space of the fluid,
i.e. the space of spatial velocity fields. Let {(u) = [}, (u,u)sd®z denote the
kinetic energy of an ideal fluid with constant energy p = 1 (Here, (-,-)3 is the
standard scalar product in R?®). We identify X3y (D) with X 4;,(D) via the
Ly-metric, ie. u € Xyjy(D) is identified with the linear form [j,(u, )3d®z.
Then g{l; = u and one can show that the Euler-Poincaré equations (3) are
equivalent to the Euler equations

u+ (u-V)u=—-Vp, divu=90

for an ideal fluid of constant density p = 1 with pressure function p, moving
under the influence of its own inertia in D.

Example 2 (Camassa-Holm equation): Let G = Diff(R) denote the group
of diffeomorphisms of R. The Lie algebra g of G is the algebra X(R) of
vector fields on R. The Euler-Poincaré equation for the functional I(u) =
3 Ja u® + uldz can be shown to be the Camassa-Holm equation (1).
Example 3 (Buler-o-equations): Let G = Diff,|(R®) and g = X;, (D) as in

Example 1 and let I(u) = 1 [, ((u,u)g + aZ:;l (uxi,uxi)g) d®z. Then the

corresponding Euler-Poincaré equations are the famous Euler-a equations®.

3 Derivation of the higher-dimensional Camassa-Holm equations

The equations which will be derived in this section are Euler-Poincaré equa-
tions on the Lie algebra X (R?) of vector fields on the plane R?. Here, a vector
field u € X(R?) is interpreted as the horizontal component of the spatial ve-
locity field of an ideal fluid. Having fixed the Lie algebra, we still have to
supply the functional  on u € X (R?) to be able to write down Euler-Poincaré
equations. This functional ! is constructed in an approximation process as
follows.
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We consider a three-dimensional ideal fluid with constant density p = 1 and
a free surface, that moves over a flat bottom. Cartesian coordinates zi,z3,y
are introduced, such that the flat bottom is at y = 0. Putting z = (x;, z2), we
assume that the position of the free surface is given by y = 5(z) .

Let (u(z,y),v(z,y)) € R? x R denote the value of the (spatial) velocity
field at the position (z,y) € {(Z,7),7 < 7(Z)} and let

()
K(u,v) = -;—/!;2 /On (u,u)2 +v° dyd’z C)

be its kinetic energy ({-,-)2 denotes the canonical scalar product in R?). As
in the original work of Camassa and Holm ! we make the assumption, that
the flow is columnar, i.e. that fluid particles that are on top of each other at
one instant of time, are so throughout the motion. In this case, the horizontal
velocity component u does not depend on the height variable y: u = u(x).
Now we Taylor-expand the vertical velocity component in the y-variable:

)

v(z,y) = v(z,0) + By

(z,0)y + O(y?). (5)

One has v(z,0) = 0 since the fluid at the bottom is assumed to stay at
the bottom. We now make the “shallowness”-assumption, that the O(y?)-
term in the Taylor expansion can be neglected and that the vertical veloc-
ity component has the form v(z,y) = vi(z)y. Therefore the velocity field
is given by (u(z,y),v(z,y)) = (u(z),v1(z)y). This velocity field has to be
divergence-free, since the fluid is assumed to be incompressible. Therefore,
vi1(z) = —divu(z), so that we finally arrive at a spatial velocity field of the
form (u(z,y),v(z,y)) = (u(z), —divu(z)y) . The corresponding kinetic energy
is given by

3
K= [ o) e + L2 @ivuta)ee. ©

We introduce a small parameter ¢ and expand the free surface y = 5(z) about
the constant height 1:

n(z) =1+ 0(e). ()

Then we plug the expansion (7) into the kinetic energy (6). The lowest order
term of the resulting expression is the functional '

~

1 1 ..
(u) = E/Rz {u,u)s + g(dlvu)zdza: ,
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which does not depend on 7 any more. This functional can be embedded in
a one-parameter family of real-valued functionals on X(R?) by a rescaling
process as follows: For o, > 0 put # = a,ij(z) = fn(z),t = 7t,4(F) =
(a/7) u(z) and & = a?/ (35?). If one chooses ¥ = y/a3f, one has

1
K= 5/ (@, B2 + 8°7° (85, s + Oz,82)° d’z.
R2

We write u and 7 instead of 4 and 7, expand as in (7) and keep only the lowest
order term to arrive at a family of functionals on the Lie algebra X (R?)

1
ls(w) = 5 /R G, u)a + B(div wida.

We put [ = I, and write down the Euler-Poincaré equations corresponding to {.
A simple calculation, using integration by parts, shows that g—i =u — Vdivu.
Let (u,v) = fga(u,v)2d’z denote the Ly-scalar product of u,v € X(R?). The
Euler-Poincaré equations (3) are satisfied if and only if for all v € X (R?)

d 6l Lo ol _,al
(E&I’U) = —(aduEﬂJ) - _(Eaaduv) = ((su’ (Dv)u (Dv)u)

= —/ (Duw)T a + pd u+ divu—di,v dz.
R2 du du du’ [/,
ere we used the fact that ad,v = — v)u—(Du)v), as explained by Marsden
H ed the f; hat ad D D lained by Marsd

and Ratiu®.) Therefore the Euler-Poincaré equations corresponding to [ are
given by

%(U—Vdivu) = —(Du)T (u—Vdivu) — D(u— Vdive)u ~ divu(u— Vdive) . (8)
Putting m = g—i = o — Vdivu, the equations can be written in the more
compact form P
P —(Du)Tm — (Dm)u — (divu)m. (9)
Using the functionals I instead of I leads to a one-parameter family of Euler-
Poincaré equations

d

EE(u—éVdivu) = —(Du)T (u~6Vdivu) — D(u— 6 Vdive)u — divu(u —Vdive) .
(10)

We note that the derivation of these equations can be generalized to the case

of an “n-dimensional fluid bottom”. In particular, for n = 1 one recovers the

Camassa-Holm equation (1).
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4 Some properties of the two-dimensional Camassa-Holm equa-
tions

An interesting feature of the equations (8) is, that solutions of the Camassa-
Holm equation (1) immediately yield solutions of the equations (8) in the
following sense: A simple calculation shows that
Theorem 2 If ui(z) is a solution of the Camassa-Holm equation (1), then
u(z1,T2) = (u1(1),0) is a solution of the two-dimensional version (8).
In particular, the peakon solutions (2) of equation (1) yield solutions of equa-
tion (8). Furthermore, another simple calculation shows that
Theorem 3 If R € 0(2) is an orthogonal matriz and if u(z) is a solution of
(8), then Ru(RTz) is a solution of (8) too.
No existence result is available for equation (8) yet. We note, however, that
for the singular case § = 0, equations (10) constitute a symmetric hyperbolic
system of partial differential equations and that the existence results presented
in Taylor !° apply. Analoguous to the one-dimensional situation discussed in
in Camassa et al.''? or Constantin* one can give a Hamiltonian formulation of
the two-dimensional Camassa-Holm equations (8), which immediately yields
constants of motion for these equations:

On the dual of the semidirect product of the Lie algebra X (R?) with the
vector space of real valued functions on R2, one has the following Poisson
bracket (compare D.D. Holm et al.”)

0F _O0H 0H _oF
o == [ (oo v5), = (o V), 2 00

oo (5) (55) -2 (5) (52)), 2=

R2 dm J/ \ om omj \om //,

Let m = u — Vdivu, as above. For H = 1 [o,(u,u);d*z, Hamiltons equations
in Poisson bracket form F = {F, H} for all F are equivalent to

%m = —(Duw)Tm — (Dm)u — (divu)m, g—t-u = —div(pu) . (12)

The first equation in (12) is just the two-dimensional Camassa-Holm equation
(8), which therefore arises as a projection of the semidirect product system on

the m~component. Let w = rot ( %‘-) Then the functional

Ca (M, ) = [R ud(w/uda
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Figure 1: The figure shows numerical results of an multisymplectic algorithm applied to
equation (8). More details are given in the main text

is a constant of motion for any system of the form (12), i.e. Co is a Casimir
functional for the Poisson bracket {-,-}. Therefore, the Hamiltonian approach
immediately yields a class of constants of motion for the two-dimensional
Camassa-Holm equation (8).

5 Numerical treatment of the equations

As noted in section 2, the functional ! determines a functional L on the tangent
bundle of the group Diff(R?). Furthermore, Theorem 1 describes the relation
between solutions ¢ — ¢ € Diff(R?) of the Euler-Lagrange equations for L
and solutions t - u = ¢ o¢p~! € X(R?) of the two-dimensional Camassa-
Holm equations, i.e. the relation between the Lagrangian and the Eulerian
description of fluid motion. An important fact is that solutions of Euler-
Lagrange equations can be characterized as critical points of a suitable action
functional.

To study the equations (8) numerically we have extended to two space
dimensions the multisymplectic-momentum integrator introduced by Kouran-
baeva and Shkoller ® to treat the Camassa-Holm equation. The basic idea
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of this method is to pass to the Lagrangian description of the motion and
to determine critical points of a discretized version of the corresponding ac-
tion functional. The pictures show a peakon-type of solution obtained by this
method. The lower two pictures show the two components of the fluid par-
ticle positions after 70 time-steps of length 0.1. The two components of the
initial velocity field ¥|s=o(z) = —€?3e~®*)2z are shown in the upper two pic-
tures. The corresponding initial positions of the fluid particles are given by
the identity map.
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C*-SYMMETRIES AND EQUATIONS WITH SYMMETRY
ALGEBRA SL(2,R)
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C® —Symmetries are used to obtain a step by step method to reduce the order of
equations that admit the non-solvable symmetry algebra si(2,R). A classification
of third order equations with symmetry algebra si(2,R) is given, as well as the
corresponding first order reduced equations.

1 Imntroduction

One of the most utilized methods to calculate exact solutions of differential
equations is based on the existence of Lie symmetries (Olver !, Ovsiannikov 2,
Stephani ?). If an n—th order ordinary differential equation

Alz,u™)=0 (1)

admits an r—dimensional symmetry Lie algebra, G, then its general solution
can be obtained by means of the general solution of an (n — r)—th order
reduced equation and the solution of an r—th order auxiliary equation. If G is
solvable, then the general solution of the corresponding auxiliary equation can
be obtained by r successive quadratures. This fact is due to the possibility
of choosing generators {X1,: -, X} of G such that the following chains of
normal subalgebras hold:

<Xi>b <X, Xo>b - b< Xy, -, X, >=G. (2)

When the Lie symmetry X is used to reduce the order of Eq. (1), the resulting
{n — 1)—th order equation inherits X; as Lie symmetry, and so on. Thus, the
order of Eq. (1) can be reduced by means of r one-order successive reductions.
In each step, the general solution of the k—th order equation can be obtained
from the solution of the (k — 1)—th order equation by a single quadrature.
Nevertheless, if G is non-solvable, this step by step method of reduction is
no longer applicable. The main reason for this is that, in certain stage of
the reduction process, at least one of the generators of G can not be used to
proceed with the order reductions. In this case we will say, roughly speaking,
that the corresponding symmetries have been lost, or that these generators
are lost symmetries, for the reduced equations.
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In this paper, we consider n—th order differential equations that are in-
variant under the non-solvable Lie group SL(2,R). A basis {X1, X2, X3} of
generators of the associated Lie algebra sl(2,R) can be chosen such that the
corresponding Lie brackets are given by

{X1>X2} = Xl)
[Xh X3] = 2X21 (3)
(X2, X3] = Xs.

If we use, for instance, the vector field X; (resp. X3) to reduce the order
of the equation, the Lie symmetry X is inheritable as Lie symmetry of the
reduced equation, but X3 (resp. X;) is not inheritable as Lie symmetry. The
worst option to reduce the order is to use first X2, because both, X; and X3,
are not inheritable as Lie symmetries of the equation obtained at the first step
of the reduction.

In the literature, these lost symmetries are called type I hidden symme-
tries. Some indirect methods for hidden symmetries have been introduced
(Abraham-Shrauner ) and some nonlocal symmetries for some specific ordi-
nary differential equations have been studied (Govinder and Leach ®). Previ-
ously, Olver ! pointed out, in two examples, the usefulness of what he called
exponential vector fields (although they are not well-defined vector fields),
that can be considered the origin of the hidden symmetries theory.

The importance of the study of hidden symmetries lies in the fact that
they can be used to reduce the order of differential equations for which the
classical Lie method is not applicable. There exist several examples of equa-
tions that, in spite of lacking Lie symmetries, can be reduced or integrated
(Gonzélez-Lépez ¢, Olver 7). Therefore, the classical Lie method must be gen-
eralized to explain these processes of reduction or integration. With this aim,
a new class of symmetries ( C°°—symmetries), that are useful to reduce the
order, has been introduced in Muriel and Romero ¥. The results about this
theory, needed to understand what follows in this work, are briefly described
in Sec. 2 below.

‘We prove here that the lost symmetries that appear in reductions of equa-
tions with symmetry algebra sl(2,R) can be recovered as C° —symmetries
for the reduced equations, and, as a consequence, they can be used to reduce
successively the order of the equation by three. In particular, the method
provides a complete classification of the third order equations that admit the
symmetry group SL(2, R). An equivalent general form for these equations had
been calculated by Mahomed and Leach ? by direct methods (see also Ibrag-
imov 10). Besides, we provide here a simple general form for the first order
reduced equations that appear at the last step of the reduction process.
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2 C*®-Symmetries and ordinary differential equations

The C*°—symmetries of Eq. (1) are well-defined vector fields, in an open
subset M C X x U of the space of the variables of the equation, such that
Eq. (1) is invariant under some specific way of prolongation. For a function
A € C°(M®) we define the n~th order A-prolongation of the vector field
X = &(x,u)8; + 1(x,u)dy, as the following vector field defined on M(™ :
7
XD = 3D, + N (1, ) ~ €(z,w)un) Bus + E(,w)Ds, (4
=0
where D; denotes the total derivative operator with respect to z. The
C>* (M) —symmetries of Eq. (1) are the vector fields X for which there
exist A € C°(M () such that

XPN(A(z,ut™)) =0, when A(z,u(™)=0. (5)

Sometimes, we also say that X is a A—symmetry or a C®—symmetry of the
equation. This concept includes the concept of Lie symmetry, because Lie
syminetries are A—symmetries for A = 0.

An algorithm that let us reduce the order of the equation can be asso-
ciated to a given C*°—symmetry. This method is based on the construction
of invariants of X{»{™] by derivation of lower order invariants: if y = y(z, u)
and w = w(z, u, u;) are functionally independent invariants of X*(™)] then

Dz’lU - Dzwn—Z
Dzy 9 yWn—1 = Dzy } (6)

{ya w,w =

constitutes a complete set of functionally independent invariants of X[:(™},
By the invariance condition (5), Eq. (1) can be expressed in terms of (6) as
an (n — 1)—th order reduced equation

Ar(y,w Dy =0. (M

If w = H(y) denotes the general solution of the reduced equation Eq. (7), the
general solution of Eq. (1) can be obtained by solving the first order equation

w(z,u,uz) = H(y(z,u)). (®)

Many of the known order reduction processes, that are not consequence of
the existence of Lie symmetries, are a consequence of the invariance of the
equation under C° —symmetries. Some examples of this fact are the following:

1. Equation (Gonzélez-Lépez ©):
Uso = w2 4 ng(@)uu, + ¢ @, neR\{0}  (9)
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has no Lie symmetries, but admits X = u0, as A—symmetry for A =
ng(z)u™. In terms of the invariants {y = z,w = <= — g(x)u™} of XM
we get the trivial reduced equation wy, = 0. The corresponding Eq. (8) is

a Bernoulli equation “= — g(z)u™ = C, whose general solution provides
the solution of Eq. (9).

2. The equation
Uge = Dg((x + 2%)e¥), (10)

does not have nontrivial Lie symmetries (Olver ?), but admits X = 8, as
A—symmetry for A = (z+z2)e¥. In terms of {y = z,w = u, — (z+7x?)e%},
that are invariants of X*(1)], we get the trivial reduced equation wy = 0.
The corresponding Eq. (8) is the trivial reduced equation associated to
Eq. (10).

3. The second order equation
dulug, + 22 + 4t + 202 =0 (11)

has no Lie symmetries and can not be solved by standard methods (Muriel
and Romero 8). It admits the A—symmetry X = ug, for A = zu~2. Both,
the reduced equation, 1 + w? — wy = 0, where y = z,w = — (% + 3%;),
and the auxiliary equation, 2u’tan(z + C) + 2uu, + z = 0, can be solved
by quadrature.

38 (C>®-Symmetries and conservation of symmetries for the Lie
algebra si(2,R).

Let us suppose that Eq. (1) admits the non-solvable Lie algebra si(2, R) as
symmetry algebra. Let { X, X2, X3} be a basis of generators of si(2,R) such
that the corresponding Lie brackets are given by (3). Next we give a pro-
cedure to recover the lost symmetries as C°°—symmetries for the reduced
equations. We also show how they can be used to reduce successively the
order of the equation Eq. (1) by three when n > 3. This procedure is based
on some theoretical results, that can be consulted in Muriel and Romero 2.
The study of the reduction process that begin with X; and X3 is similar be-
cause the corresponding transformation groups are equivalent under a point

transformation.
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3.1 OPTION A: Sequence X1 — Y3 — Z3:

1. FIRST STEP: Use of the Lie symmetry X;:

Let {y, a} be a local system of coordinates such that X2 = 8,. By means
of the transformation {y = y(z,u),w = ay(z,u,u1)}, we get the reduced

equation

A (y,w™ D) =0, (y,w)€ M. (12)
The vector field Xz(k) is 7&? —projectable, for £ € N, where
7!‘5?3 (y,0,-+-,ax) = (y,w,- -, wg—1). Then, X3 is inheritable as Lie sym-

metry for Eq. (12), and Y, = (7&3)* (X:gl)) is the corresponding inherited
Lie symmetry of Eq. (12). The vector field Xék) is not 7!‘&’53 —projectable
(hidden symmetry of type I, Abraham-Shrauner 4).

2. SECOND STEP: Use of the Lie symmetry Y3 :

Let {2, 8} be a local system of coordinates such that Y2 = 8g. By means
of the transformation {z = z(y,w), o = B, (y, w,w1)}, we get the reduced
equation

Ax(z, g™ ) =0, (2,8) € Ma. (13)
Let 7 be such that the following diagram is commutative:

DL tay) (14)

where ¢ stands for the change of variables (y,w,wy) — (2,8,8.),
and w%)(z,ﬂ,ﬂz) = (z,u) = (2,6:). Let fs € C®(M;) be such that
Ya(fs) = —f; and let us denote f3 = (7!‘92))*(};]). The function f3 is,
by construction, an X l(l)ninvariant function. The vector field f3X §2) is
w—projectable. The projection Zs = (7). ( ngéz)) is a C*°—symmetry of
equation Eq. (13), for some function As.

3. THIRD STEP: Use of the C*®° —symmetry Zs:

Let {s,v} be the canonical coordinates for Z3. We calculate a first order
invariant p of Zy‘s‘(l)]. By means of the transformation {s = s(z,u),p =
p(z, i, )}, we get a new order reduction:

Az(s,p"=3) = 0. (15)
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3.2 OPTION B: Sequence Xo — Y = Z3:
1. FIRST STEP: Use of the Lie symmetry Xo:

Let {y, @} be the canonical coordinates for X2. By means of the trans-
formation {y = y(z,u),w = ay(r,u,u1)}, we get the reduced equation

Ar(y,w™ )y =0, (y,w)€ M. (16)

The vector fields X l(k) , X ék) are not wg;) —projectable (hidden symmetries
of type I). Let f,, f3 € C%°(M) be two functions such that

Xa(fi) = fr, Xa(fs) = —fs. (17

The vector fields f1 X 1(1) , s X él) are 7&: —projectable, and the projections

Y= (@) (A X)), Y= (%D (fsX4) (18)
are C*° —symmetries of Eq. (16) for some functions A; and As.
2. SECOND STEP: Use of the C°° —symmetry Y7 (the use of Y3 leads to
similar results):

Let {z,3} be canonical coordinates for ¥;. Let g be an invariant of
Y, 2+ By means of the transformation {z = z(y,w), # = u(y,w,w,)},
the order of Eq. (16) can be reduced:

Ag(z, ™) =0, (2,1) € M. (19)
It can be checked that
{Y’llkly(k)], Yé[AS’(k)]] = ClYiIAl ’(k)] + chg}[AS’(k)], (20)

for some functions ¢;,e3 € C®(M,). Let g5 € C®°(M;) be a func-
tion such that Yi{g3) = -—c3g3. Then g3Ys is w%"(l)}—projectable,
where w%"(l)](z,ﬁ,u) = (z,u). The projection (wgf‘l"(l)])*(gng) is a

C™ —symmetry of the equation Eq. (19), for some function )s.
3. THIRD STEP: Use of Z3 :

We introduce canonical coordinates {s,v} for Zs and let p be a first

order invariant of ngs‘(l)]. In terms of {s, p}, Eq. (19) can be written as
an (n — 3)—th order equation

Ag(s, pm9) = 0. (21)
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4 General method to reduce equations admitting sl(2, R).

There are four different actions of the group SL(2,R) on a two dimensional
real manifold (Gonzélez-Lépez et al. 1'). Each one of these actions can be
modeled by the transformation group generated by the following vector fields:

Casel: X, =0,, X,=2z0,, Xz=z20,. (22)
Case 2: X1 =0, +0u, Xo=2x0, +ub,, Xs:=z20,+ u2d,. (23)
Case 3: X1 =0;, Xo=1u0,+uby, Xs=2x20;+2zudy,. (24)

Case 4: X1 =0,, Xo=z0,+ub,, Xz=(x?—-u?)0; +2xub,. (25)

By means of a change of variables in Eq. (1), we can assume that the
symmetry algebra is generated by one of the vector fields { X, Xs, X3} given in
(22)-(25). For each of these four cases we have studied the different reduction
processes described in the previous section. We work out in more detail the
case 1. Since option A is the traditional method of reduction {except that Z3
is not a Lie symmetry), we study option B of case 1, to show how the method
works in practice.

4.1 Case 1-Option B: Sequence X — Y, - Z3:
1. FIRST STEP: Use of the Lie symmetry Xo:

The vector field Xs = z0, can be written in the canonical form Xz = 0,
by using coordinates y = u, = In{z). By means of the transformation
{y=v,w= Hl‘:}, we get the corresponding Eq. (16). The vector fields

X(l) =e %0y — e“"ayaa,, X(l) =e%*0a +e *oy0a, s (26)

are not )—prOJectable (hidden symmetries of type I). Two func—
tions satxsfymg Eqgs. (17) are given, in variables {y,a}, by fi =
and f; = e¢~%. The inherited C°°—symmetries in (18) are given by
Y: = —wly, for \; = —w, and Y3 = wd,,, for A3 = w.

2. SECOND STEP: Use of the C®—symmetry Y;:

Since Y} PO = g, + (w? ~ wy)dy, , the canonical coordinates for ¥;
are {z = y,8 = —In(w)} and p = B, — e is a first order invariant.
By means of the transformation {z = y,p = =% — w}, we get the
corresponding Eq. {(19). It can be checked that ¢; and ¢3 in (20} are given
by ¢1 = cg = —1. Thus, a corresponding function g3 is given by g3 = ef.
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Table 1. Classification of third order equations with symmetry algebra si(2,R).

Original equations Reduced equations
2z
ug = 552 — 203 O(u) e =72+ C(s)
2

= 3uz = = (2+ 292 — 4s)C
ug = 5%+ 2 (@1 1293wz (—wtree; %) ¥s = (2+ 272 — vs)C(s)
us = BuQC(u:71—2uu2) . Y = (472 ~ 8)C(s)

_ 3wy ug (]+1ﬂ _ .
R T e T e ko) s = (s +sin(27))C(s)

The vector field g3Y3['\3'(1)] is wgi\l"(l)}—projectable and its projection, in
variables {2, u}, is Z3 = —20,, that is a C® —symmetry for \; = —p.

3. THIRD STEP: Use of Zg :

In variables {z,u,u.} the first prolongation is given by: Z:EA;”(I)] =
—~28, + 2ud,,. We introduce canonical coordinates {s = z,7 = ~3pu}

for Zs. Clearly, p = v, — v* = —3p, — s4? is an invariant of ZPe Wl |y
terms of {s, p}, Eq. (19) can be written as an (n — 3)—th order equation
of the form

As, ") = 0. (27)

5 Classification of equations

When n = 3, instead of Eq. (27), we obtain an equation of the form p = C(s),
i.e., we have obtained the general form of the first order equations that appears
after two order reductions of a third order equation that admits the symmetry
algebra si(2,R) of type (22):

Yo =" = C(s). (28)

As a consequence of the step by step method of reduction we have de-
scribed, a complete classification of the third order ordinary differential equa-
tions that admit the non-solvable Lie algebra sl(2,R) as symmetry algebra
can be carried out. If we write each of the first order reduced equations cor-
responding to cases (22)-(25), in terms of the original system of coordinates,
we obtain the third order differential equations that admit si(2,R) as sym-
metry algebra. They are shown in Table 1, ag well as the associated reduced
equations.
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6 Conclusions

When the classical Lie method is used to reduce the order of any ordinary
differential equation admitting the three-dimensional non-solvable Lie algebra
sl(2,R) as symmetry algebra, then at least one of its generators is lost in the
reduction process. In this paper we have proved that the method of reduction
by using C'°°—symimetries can be applied to carry out three successive one-
order reductions, if the order of the original equation is n > 3. f n = 3, after
two order reductions, a first order differential equation is obtained. At this last
step of the reduction, the Lie symmetry that has been lost can be recovered
as a C°—symmetry. This fact allows us to give a complete classification of
the third order equations that admit s{(2,R), as well as the corresponding
reduced equations (first order equations).
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Gordon’s theorem claims that given a Hamiltonian system all of whose solutions
are periodic, the period of a solution depend only on the value of the Hamiltonian
function on the trajectory of this solution. Generalizations are obtained for the
case of invariant isotropic tori of arbitrary dimension % (rather than k = 1), which
fiber either all the phase space or some submanifold of this. One supposes that
the system has some collection of k first integrals in involution, such that the
corresponding vector fields are tangent to these tori. Then the frequencies of
quasiperiodic motion on such a torus depend only on the values of these first
integrals on the torus. This is true also for the circular action functions, but
sufficient conditions are essentially different in these two cases.

Introduction

In this note we consider two generalizations of Gordon’s theorem for systems
defined on the phase space M and which are integrable on a submanifold
NCM.

A short foirmulation of the main statement is the following. Let the
system defined by the Hamiltonian H on M be ” torus Hamiltonian integrable”
on the submanifold N C M; let z := (21,...,2x) be a collection of integrals
of motion which are independent and pairwise in involution on N and define
there the integrability of the system. Then the frequencies w of the quasi-
periodic motions on the k-dimensional tori A ~ T* fibering N depend only
on z:

w=w(z) , z2=2(A) , w=(wy,..,wg)-

The same statement also holds, under essentially weaker conditions, for
the ”circular action functions” I: i.e. we have

I=1(z) , z=2(A) , I=(L,...I).
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1 Background

First of all it is necessary to understand what integrability on submanifold is.

The object under study is an autonomous, generally non integrable,
Hamiltonian system. Such a system is defined by its Hamiltonian function
H : M - R, where M is 2n-dimensional and is a symplectic manifold with
symplectic structure w?.

Integrable systems are relatively simply contructed and sufficiently well
explored. But, what is the structure of phase flow for nonintegrable systems
? It is well known that many of such systems are integrable only on some
invariant submanifold of the complete phase space M.

We will be mainly interested in the torus integrability on a submanifold
N C M. This means that N is locally trivially fibered in k-dimensional
invariant tori

A UpepAb = N, AP ~TF

where B is a manifold of parameters b.

The invariance means that g&;A®> = A® for all t € R, where {g;, t € R}
is the phase flow of the system.

We suppose that the motion on these tori is quasi-periodic.

The study of the integrability submanifolds is very important. First of
all these submanifolds are very interesting for applications; second, in the
neighbourhood of these manifolds the structure of phase flow is most simple.
Apparently, the investigation of the integrability submanifold is the simplest
and most relevant step in the study of nonintegrable systems.

2 Gordon’s theorem.

As mentioned above, we will provide two generalizations of Gordon’s theorem.
Let us first of all recall the original formulation ! of this.

Theorem (Gordon). Let all the solutions of the Hamiltonian system
(M?*,w?, H) be periodic and let their trajectories locally trivially fiber the
phase space M?™. Then the period T and hence the frequence w = 2w /T are
functions only of the Hamiltonian H, i.e. T =T(H), w = w(H). The circular
action function I also depend only on H: i.e. I = I(H).

The function I is defined as the integral

I=I(m=-l‘/a.
2 Jyn
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Here m € M, v, is the trajectory of the system such that m € v,,, and « is
a differential one-form such that do = w?.
If such a « does not exist then I can be defined as

o = 57 [ ],

where 0I1,,, = v, — 7°, with 7° some fixed trajectory.
It is then easy to show that H = H(I) and w = w(I) = dH(I)/dI.

An example, classical and simple, is provided by the two-bodies problem
when the two bodies attract each other with a force f = —x/r?. This system
has three degrees of freedom; all trajectories with negative energy H < 0 are
closed, besides exceptional (collision) ones.

A five parameteric family of such trajectories fibers the space M® and
four-parametric families fiber the level surfaces H~!(h) of the function H for
h < 0. On each such surface, the period T of any trajectory is the same.

At first sight, this situation is very strange and surprising. Really, the
(three-parametric) group SO(3) acts on M® and preserves the symplectic
structure w? and the Hamiltonian function H. However, the number of pa-
rameters of closed curves on H~!(h) is equal to four. Obviously, the phase
flow of the system also acts, but it cannot connect different trajectories, as its
orbits are just these trajectories.

The explanation is that the system has a fifth integral beyond H and the
three component My, M2, M3 of the angular momentum M corresponding to
the action of SO(3). This fifth integral provides closedness of trajectories. The
phase flow of this integral together with phase flows of My, My, M5 distribute
an orbit on the complete surface H~1(h), h < 0.

These phase flows are symplectomorphisms and preserve H. Therefore
they also preserve the period 7. This is a good explanation, but only in
simple cases.

3 Generalizations of Gordon’s theorem

The generalizations of Gordon’s theorem we consider here will be in two direc-
tions. Firstly, we shall consider the fibering on k-dimensional tori. Secondly,
we shall consider the fibering of a submanifold N C M. The precise formula-
tions are as follows.

Let (M?" w?) be a symplectic manifold. Let Z = (Z,..., Z;) be some
collection of functions Z; : M — R; denote by JdZ; the Hamiltonian vector
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field defined by the function Z; (¢ =1, ...,k), and by JdZ;(m) its value in the
point m € M. Let N C M be some submanifold of M. Assume Z, N satisfy
the following conditions.

() Forallm € N and all ¢ = 1,..., k, JdZ;(m) € TN, with T, N the
tangent space to the submanifold NV in m.

(b) Forall4,j =1, ...k, {Zi, Z; }{n = 0, where {., .} is the Poisson bracket
and |y denotes its restriction to N.

(c) Let © be a field of hyperplanes on N given by linear spans of the vectors
JdZ;, i = 1,...,k. Then this field © is integrable in the sense of Frobenius.
The integral surfaces A of © are compact k-dimensional submanifolds of N.
These surfaces locally trivially fiber N.

Theorem A. In this case (i.e. if conditions (a),(b),(c) are satisfied) each
surface A is a k-dimensional torus; moreover the Z are constant on each
A. The circular action functions I = (I1,...,Ix) are locally constant on each

common level surface Z=1(z) N N: that is, I|x, where K is any connected
component of the set Z~1(z) N N = const.

Let the following addtional conditions be also satisfied:

(d) The map Z : N — RF, defined as Z = Z|y, be regular, i.e. let Z
have no critical point where Z = (Z, ... Zi), Z; = Z; il

(e) There exists a system on M with Hamiltonian function H such that
dH = Ef:l AidZ,‘, where ); = )\,-(m), meM.

Theorem B. Under conditions (a)-(e), the restriction H := H|n is locally a
function only of Z = Z|n. Moreover locally
QH(I)

or -’

In particular the frequencies w of quasi periodical motions on tori A depend
only on Z, i.e. w=w(Z).

IZI(Z) , Z=Z(I) , w:w([):

Remark 1. In case of theorem B, we have dimN > 2k. If dimN = 2k, then
N is a symplectic submanifold of M.

Remark 2. f N C M is a symplectic submanifold, then condition (d}, i.e.
rankZ, = k, automatically follows from conditions (a), (b), (c).

Remark 3. In case of a symplectic submanifold N, the theorem B is a
sufficiently simple consequence of the main theorem of the paper 2.
Remark 4. In the case of a non-symplectic submanifold N C M, conditions
(a), (b), (c) and (e) are not sufficient for the validity of theorem B, as shown
by the following example.
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Example. Let us consider a 4-dimensional symplectic manifold M* =
R7 x T3 where J,4 are canonical action-angle ”coordinates”, 1 being de-
fined modulo 2z. Consider on this the integrable system with Hamiltonian
H = J1J3. Let us take as N the three-dimensional submanifold

N = N? == {(Jp) e M* | 1 >0, ], =0} .

Then the frequencies 3,822 of quasi periodic motions on tori on {J =
const} C N? are given by
H H
Q1=*g—j1-=f]2=0 ) 92=~g—£=J1#0 .

The connected submanifold N® C M* is trivially fibered by the closed
trajectories 7 of the system. It lies on an isoenergetic surface, N3 ¢ H~1(0).
The frequency w of periodic solutions with these trajectories v C N is not
constant on N3, as w = J; #0.

This contradicts the statement that the frequency w must be a function
of H alone, and hence constant on manifolds N ¢ H~1(0). Indeed, condition
(d) is not satisfied in this example.

4 About proofs.

The proofs of these theorems use in particular the following simple facts.
Consider first of all the definition of the Hamiltonian vector field X =
JdH. This is defined by

dH(§) = w’(€,X(m)) VEE€ TmM .
Using this formula one obtains for functions A and B defined on M:
{A,B} := dA(JdB) = w?(JdB,JdA) - dB (JdA) .
We also use the formula

[JdA, JdB} = Jd{A, B}
connecting the Lie bracket and the Poisson bracket.
Definitions. The operator Jp, : T}, M — T, M is called the Hamilton oper-
ator. Let &2 be the restriction of w? to N C M, &@? := w?|y. The submanifold
N C M?" is called isotropic if @* = 0, and lagrangian if dimN is maximal
among isotropic submanifolds, i.e. if dimN = n. The submanifold N C M

is called symplectic if z* is nondegenerate, i.e. if (NV,&?) is a symplectic
manifold.
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Using these, it is easy to prove the following

Lemma. Let the systemn with Hamiltonian H : M — R be defined on the
symplectic manifold (M?™,w?). Let N C M be a symplectic submanifold of
M, invariant under the local phase flow of the system,

JmdH € TN VmeN .

Denote by J the Hamilton operator corresponding to the symplectic manifold
(N,&?), and let H = H|y. Then:

(a) The restriction to N of the Hamiltonian vector field JdH coincides
with the Hamiltonian vector field JdH, (JdH)y = JdH.

(b) Let A be another function defined on M. Then, with {.,.}n the
Poisson bracket on the symplectic manifold (N,&2) and A= Aln, we have
{Av H}IN = {A’H}N-

These simple facts allow to reduce the theorem B in the particular case
of a symplectic submanifold N C M to the main theorem of my article ? and
its corollary, see section 1. The general case can be reduced to this case of a
symplectic submanifold N C M.
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The aim of this note is to survey the recent literature on the new equiv-
ariant theory of moving frames developed by the author and Mark Fels'4:1%,
The classical Cartan theory'!'18, as well as its more rigorous later revival'7-22,
has a fairly limited range of geometrical applications. In contrast, the new
equivariant theory can be systematically applied to completely general trans-
formation groups, including infinite-dimensional Lie pseudo-groups. The full
range of new applications is surprisingly broad, including complete classifi-
cation of differential invariants and their syzygies, general equivalence and
symmetry problems based on differential invariant and joint invariant sig-
natures, classical invariant theory and algebra, computer vision and object
recognition, the calculus of variations, Poisson geometry and solitons, and
symmetry-based numerical approximation theory.

This note begins with a very brief outline of the key construction in the
finite-dimensional Lie group context, illustrated by a very simple, classical
example. The second part of the note lists all current references for the various
applications. There are several more detailed surveys available!®:38:37:38,41 A
very elementary introduction can be found in Chapter 8 of my recent book3®.
The full details of the method can be found in the original paper with Fels!®,
Further important developments of the general construction can be found in
the recent paper with Kogan®®. All of my papers are available on my web
site.

The Basic Construction: Let G be an r-dimensional Lie group acting
smoothly on an m-dimensional manifold M. The crucial idea is to decouple
the moving frame theory from reliance on any form of frame bundle. In other
words, in general Moving frames # Frames! A careful study of Cartan’s
analysis of projective curves'!, reveals that he was well aware of this distinc-
tion, that, unfortunately, was not properly appreciated by most subsequent
developers of the method.

Definition 1 A moving frame is a smooth, G-equivariant map p: M = G.

The group G acts on itself by left or right multiplication. If p(z) is any
right-equivariant moving frame then p5(z) = p(z)~! is left-equivariant and
conversely. In geometrical situations, one can identify left-equivariant moving
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frames with the geometrical frame-based versions, but these identifications
break down when dealing with more general group acctions.

Theorem 2 A moving frame exists in a neighborhood of a point 2 € M if
and only if G acts freely and regqularly near z.

Recall that G acts freely if the group element that fixes a point of M is the
identity, i.e., g - z = z for some z € M if and only if g = e. This implies that
the orbits all have the same dimension as G itself. Regularity requires that, in
addition, each point £ € M has a system of arbitrarily small neighborhoods
whose intersection with each orbit is connected.

Of course, most interesting group actions are not free, and therefore do not
admit moving frames in the sense of Definition 1. There are three basic meth-
ods for converting a non-free action into a free action. The first is to look at
the product action of G on several copies of M, leading to joint invariants, also
known as “semi-differential invariants” in the computer vision literature!%32.
The second is to prolong the group action to jet space, which is the natural
setting for the traditional moving frame theory, and leads to differential in-
variants. Combining the two methods of prolongation and product will lead
to joint differential invariants. In applications of symmetry constructions to
numerical approximations of derivatives and differential invariants, one re-
quires a unification of these different actions into a new common framework,
called multispace®®.

The practical construction of a moving frame is based on Cartan’s method
of normalization''23,

Theorem 3 Let G act freely and regularly on M, and let K C M be a
(local) cross-section to the group orbits. Given z € M, let g = p(z) be the
unique group element that maps z to the cross-section: g-z = p(z) -z € K.
Then p: M — G is a right moving frame.

Given local coordinates z = (2;,...,2,,) on M, let w(g, z) = g-z be the explicit
formulae for the group transformations. The right moving frame g = p(z)
associated with a coordinate cross-section K = {2, = ¢;,...,2, = ¢, } is
obtained by solving the normalization equations

wy(g,2) = ¢y, w,(g,2) = c,, (1)
for the group parameters g = (g4,...,9,) in terms of the coordinates
2 =(2y,...,2,). Substituting the moving frame formulae into the remaining

transformation rules leads to a complete system of invariants for the group ac-
tion. These are, in fact, the local cross-section coordinates of the cross-section
representative or normal formk = p(z)-2€ K of z € M.
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Theorem 4 If g = p(z) is the moving frame solution to the normalization
equations (1), then the functions

L(2) =woy1(p(2),2), ... I, . (2) =w,(p(2),2), (2)
form a complete system of functionally independent invariants.
Example 5 Let us illustrate the theory with a very simple, well-known

example: curves in the Euclidean plane. The orientation-preserving Euclidean
group SE(2) acts on M = R?, mapping a point z = (z,u) to

y =z cosf — usinf + a, v =gzsinf + ucosf + b. (3)

the action is not free, and so to construct a moving frame we prolong to the jet
space. (Alternatively, one could “prolong” by taking Cartesian products.) For
a parametrized curve z(t) = (z(t),u(t)), the prolonged group transformations

o = B _ T sin@ + u, cos @ o = v zuy, -z, @)
V. dy  z,cosf —u,sin@’ YW dy?  (z,cosf —u,sinf)3’
and so on, are found by successively applying implicit differentiation operator
1
D, = D (5)

v g,cosf —u,sin@

to v. The classical Euclidean moving frame for planar curves'®, follows from
the cross-section normalizations

y=0, v=0, v, =0. (6)

Solving for the group parameters g = (8, a,b) leads to the right-equivariant
moving frame

i u zz, + uu U, — UL
=—tan1——5, 4= — t t b= t t (7)

, )
z; Vi +u? Vi +u?

The inverse group transformation g—! = (6,@,b) is the classical left moving

frame!!+18; one identifies the translation component (@,b) = (z,u) = z as
the point on the curve, while the columns of the rotation matrix Ry = (t,n)
are the unit tangent and unit normal vectors. Substituting the moving frame
normalizations (7) into the prolonged transformation formulae (4), results in
the fundamental differential invariants

2
Tilhy — Tyl dr &r 3
@+ ) v > +3x°, (8)

we " o0 Ve ds?
where D, = (z? +u2)~'/2 D, is the arc length derivative — which is itself
found by substituting the moving frame formulae (7) into the implicit dif-
ferentiation operator (5). A complete system of differential invariants for

’Uyyl-—-—)ﬁ":
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the planar Euclidean group is provided by the curvature and its successive
derivatives with respect to arc length: &, K,,k,,,..

The one caveat is that the first prolongation of SE(2) is only locally free
on J! since a 180° rotation has trivial first prolongation. The even derivatives
of £ with respect to s change sign under a 180° rotation, and so only their
absolute values are fully invariant. The ambiguity can be removed by includ-
ing the second order constraint v,, > 0 in the derivation of the moving frame.
Extending the analysis to the full Euclidean group E(2) adds in a second sign
ambiguity which can only be resolved at third order®®
We now survey of the current applications of this basic construction.

Classification of Differential Invariants and Syzygies: The moving frame
method was used to completely solve the main classification problems for
differential invariants'®>. The recurrence formulae relating the differentiated
invariants and the normalized invariants, as in (8), are constructed by purely
infinitesimal methods, using only linear algebra and differentiation. The recur-
rence formulae lead to a complete solution to the problem of classifying syzy-
gies (functional relations) among differential invariants. The moving frame
construction was used to clarify the singularities and geometric structure of
prolonged group actions on submanifolds3’. These ideas were extended?%:27
to construct a group-invariant version of the full variational bicomplex!?:42,

Inductive Construction: Kogan?2?5 establishes a useful inductive method
for building a moving frame for a large group based on a moving frame for a
subgroup. The inductive algorithm leads to the general formulae relating the
differential invariants of groups and their subgroups.

Joint Invariants and Joint Differential Invariants: The moving frame
method provides a direct route to the classification of joint invariants and
joint differential invariants!®3%. Further developments appear in Boutin’s
thesis®6.

Equivalence, Symmetry and Rigidity: The fundamental differential in-
variants, as specified by the recurrence formulae, serve to parametrize the
signature manifold associated with a given submanifold. For example the
Euclidean signature of a plane curve is the curve parametrized by the first
two differential invariants &,k,. The signature completely solves the basic
equivalence problem: Two submanifolds be mapped to each other by a group
transformation if and only if they have the same signature!®10:3%, Exten-
sions to noise-resistant joint invariant signatures are extensively developed3?.
Applications include general rigidity theorems for submanifolds under group
actions!.

Calculus of Variations: Most modern physical theories begin by pos-
tulating a symmetry group and then formulating field equations based on a
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group-invariant variational principle. As first recognized by Sophus Lie??, ev-
ery invariant variational problem can be written in terms of the differential
invariants of the symmetry group. The associated Euler-Lagrange equations
inherit the symmetry group of the variational problem, and so can also be
written in terms of the differential invariants. The moving frame construc-
tions were applied to establish a general group-invariant formula that enables
one to directly construct the Euler-Lagrange equations from the invariant
form of the variational problem?%:27. These results are based on the invariant
variational bicomplex construction and the resulting recurrence formulae. An
alternative foundation of the subject, based on a new approach to symme-
try reduction of exterior differential systems and variational problems, can be
found in Itskov?0.

Classical Invariant Theory: The moving frame theory was applied to pro-
duce new, practical algorithms for solving the basic symmetry and equivalence
problems of univariate polynomials (binary forms) that form the foundation
of classical invariant theory33:24, An early version of the required signature
was based on a fortuitous connection with a Cartan equivalence problem in
the calculus of variations33-34. Extensions to polynomials in several variables
can be found in Kogan’s thesis?4.

Poisson Geometry and Solitons: Moving frames have been used to classify
the differential invariants of projective curves and surfaces, and applied to
generate integrable Poisson flows in soliton theory®'. A similar construction
for space curves under the conformal group appears in Mari Beffa3?.

Computer Vision: Earlier work on applications of the Cartan moving
frame theory can be found in Faugeras!3. The general characterization of sub-
manifolds via their differential invariant signatures was applied to the problem
of object recognition and symmetry detection in digital images'?. Boutin®”7
applies moving frame methods to the problems of polygon recognition and
symmetry detection. Extensions to projective actions appear in the recent
thesis of Hann'?.

Numericol Methods and Geometric Integration: The approximation of
higher order differential invariants by joint invariants underlies the formulation
of fully invariant finite difference numerical schemes®'%45, Applications of
moving frames to the construction of invariant numerical algorithms and the
theory of geometric integration®?! are under development?®®:28.

Infinite-dimensional Pseudo-groups: The moving frame algorithm has
been extended to several examples of infinite-dimensional pseudo-group
actions'*. However, a full, rigorous foundation for the theory has yet to be
completed. Once completed, the theory will produce pseudo-group versions
of all of the preceding applications.
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We give a few examples of how, using the knowledge available on the geometry
of Hamiltonian dynamics with symmetry, standard critical point theory can be
adapted to this setup in order to obtain predictions on the existence of various dy-
namical elements and, moreover, it can be used to provide estimates on the number
of these solutions. The proofs of these results, as well as additional information,
can be found in 2227

1 Critical point theory in the Hamiltonian symmetric context

The use of the symmetries of a mechanical system, propitiated by all the
founders of the field (especially H. Poincaré and E. Néther) has produced
very important fruits. In our discussion we will significantly use the philosophy
advocated by S. Smale 3 who proposed the study of the topology of the spaces
resulting by quotienting the level sets of the existing conserved quantities
(energy and momentum) by the relevant group actions. As we will see, a
thorough study of this reduced kinematics is capable to produce valuable
dynamical information.

To be more specific, we will look for relative critical elements of a sym-
metric Hamiltonian system by reducing their search to the existence of critical
points of an appropriate function to one of the reduced spaces proposed by
Smale. Once we have formulated the problem in such a way we will use some
methods of critical point theory, mainly Lusternik-Schnirelman and Morse
theories, in order to solve it.

As to the Lusternik-Schnirelman categorical approach we will use mainly
three ideas:
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e Let M be a compact G-manifold, with G a compact Lie group. Any G-
invariant smooth function f € C°(M)C has at least Cat(M/G) critical
orbits 39, .

e Let M be a compact G-manifold, with G a Lie group acting properly
on M such that the isotropy subgroup of each point m € M is a finite
subgroup of G. Let w be a symplectic G—invariant form defined on M.
Let H C G be a Lie subgroup of G and N C M be a H-invariant closed
submanifold of M such that for any n € N we have that

(TaN)* =g-n and T,NNg-m=h-n, (L.1)

where g -n = {Em(n) = £| _ exptf-n|£ € g} denotes the tangent
space at n € N C M of the G-orbit G-n = {g-n | g € G} and
(TN)“ denotes the w—orthogonal space of T, N in T,M. Then, there
is a cohomology class 8§ € H?(N/H;R) such that 8% # 0, where k =
1(dim N — dim H) . This property amounts to a lower bound for the
value of the Lusternik-Schnirelman category of a symplectic quotient 1?
resulting from a locally free action.

e Let G be a compact Lie group that contains a maximal torus T and that
acts linearly on the vector space V. Suppose that the vector subspace
VT of T-fixed vectors on V is trivial, that is, VT = {0}, then any G-
invariant function defined in the unit sphere of V' (the unit sphere of V
is defined with the aid of a G-invariant norm on it) has at least

dimV _ dimV
2(1+dimG —dimT) =~ 2(1 +dim G — rank G)

critical orbits 2.

Regarding Morse theory, the symplectically reduced spaces where we will
search for critical points are exactly those studied by Kirwan in 1%, hence we
will be able to use in a straightforward manner her results.

2 Relative equilibria and periodic orbits around non
degenerate critical points

We illustrate the techniques discussed in the previous section with a simple
application whose proof can be found in 2.

Theorem 2.1 Let (V,w,h,G,J) be a Hamiltonian G—vector space, with G
a compact Lie group. Suppose that h(0) = 0, dh(0) = 0, and the guadratic
form Q := d2h(0) on V is definite. Let £ € g be such that the quadratic form
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d2J¢(0) is non degenerate. Then, for each energy value € small enough, there
are at least

Cat (A1 (e)/G%) = Cat (Q~'(¢)/G¥) (2.2)

distinct relative equilibria in h™'(e) whose velocities are (real) multiples of €.
The symbol G* := {g € G | Ady & = £} denotes the adjoint isotropy of the
element £ € g and Cat is the Lusternik—Schnirelman category. If the compact
Lie group G¢ has a mazimal torus T€ such that the set VT* of T —fized vectors
on'V is trivial, that is, VT = {0}, then there are at least

dimV
2(1 + dim G¢ — rank G¢)~

distinct relative equilibria in h™(e) whose velocities are (real) multiples of €.
If the G-symmetry in the preceeding theorem is given by the S'-action
resulting of putting the system in normal form 37 we obtain as a corollary
a generalization to the symmetric framework of the Weinstein-Moser Theo-
rem on the existence of periodic orbits around a stable equilibrium. More
explicitely, we have 24:2.29;
Corollary 2.2 (Equivariant Weinstein—Moser theorem) Let
(V,w,h,G,J) be a Hamiltonian G-vector space, with G a compact Lie
group, such that h(0) = 0, dh(0) = 0, and the infinitesimally symplectic
linear map A = DX, (0) is non singular and has Liv, in its spectrum.
Let U,, be the resonance space of A with primitive period T, and consider
the canonical S'-action on U, defined by the restriction to this symplectic
subspace of the flow of A. Let H C G x S be an isotropy subgroup of the
G x S'-action on U,,. If the restriction of Q@ := d?h(0) to (U, )" is a
definite quadratic form then, for any sufficiently small € > 0 there are at least

dim(U, ¥
2(1 + dim(N (H)/H) — rank (N (H)/H))

geometrically distinct periodic orbits in each energy level h='(e) whose periods
tend to T,, as € tends to zero and whose isotropy subgroups include H.

(2.3)

(2.4)

3 Relative periodic orbits

This section is a brief account of the main result in 7. A genuine general-
ization of the Weinstein-Moser Theorem in the symmetric framework should
be able to predict relative periodic orbits (RPOs) in the neighboring energy-
momentum level sets of a stable relative equilibrium. Moreover, it should be
able to give an estimate on the number of these solutions for any prescribed
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spatiotemporal structure, that is, for any isotropy subgroup of the natural
G x S8'-action present in the problem. In this direction we have:

Theorem 3.1 Let (V,w,h,G,J : V — g*) be a Hamiltonian system with
symmetry, with V a vector space, and G a compact positive dimensional Lie
group that acts on V in a linear and canonical fashion. Suppose that h(0) = 0,
dh(0) = 0 (that is, the Hamiltonian vector field Xy, has an equilibrium at the
origin) and that the linear Hamiltonian vector field A := DX,(0) is non
degenerate and contains *iv, in its spectrum. Let U,, be the resonance space
of A with primitive period T,, := 2. Consider the G x S'-action on U,,,
where the S'—action is induced by the semisimple part of A, and the Lie group
G acts simply on U, Let H = {(k,0u(k)) | k € K C G} C G x S* be an
isotropy subgroup of the G x S*—action on U,, with temporal character 0y,
temporal velocity py € ¥, and such that the quadratic form QY on the H-
fized point space U defined by

QY (v) := %dzh(O)(‘u, v), veUJ

is definite. Then, for any xo € (£°)X for which Jl('Ulu Vit (Xo - ;I:PH)QQ;II(l)
is non empty (Qnu := Q™|(y, ), ) there ezists an open neighborhood Vy, of xo
in (£°)K such that for any x € Vo the intersection JIE-UI'., - (x - ,,—lopH) n

(1) is a submanifold of (U,,)n of dimension dimU} — dim N(H)/H.
Suppose that the following two generic hypotheses hold:

(H1) The restriction hle of the Hamiltonian h to the fized point subspace UJT
is not radial with respect to the norm associated to Q.

(H2) Let hy(v) := Elidkh(O) ('v(k)), v € UJT be the first non radial term in the
Taylor ezpansion of hlyn around zero. We will assume that k > 4 and
that the restrictions of hy to the submanifolds J|(_Ul,, Ve (x - u—lopH) n

Qy' (1), with x € V,,, are Morse-Bott functions with respect to the
(Ng(K)py N Ng(K)y) x S*-action.

Then, for any € > 0 close enough to zero, x € Vy,, and X := E*(x—3-pu, 3-),
there are at least

max [a, x5 (EIZ} (V) "] (3.5)

distinct relative periodic orbits of X, with energy €, momentum e(x — ;lzpy) €
g%, isotropy subgroup H, and relative period close to T, . Here

1
a = 5 (dimU, ~dim No(K) — dim (Ng(K),y; N No(K)x) +2dimK) .
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The symbol xg (EJL} ()\))LA denotes the Ly-Euler characteristic of EJ7 ()
(which in this case equals the standard Euler characteristic of the symplectic
quotient xg(EJ7 . (\)/Ly).

The first part of estimate 3.5 is a product of the use of the Lusternik-
Schnirelman category on the problem, while the second one is obviously com-
ing out of symplectic Morse theory.

4 Further generalizations and future directions

For the sake of simplicity, in the preceeding two sections we chose to present
results that predict periodic and relative periodic solutions, as well as relative
equilibria, in the neighborhood of a symmetric equilibrium on a symplectic
vector space. This situation can be generalized to relative eguilibria on a
manifold using the so called reconstruction egquations 26-323° on the normal
coordinates of Marle, Guillemin, and Sternberg 16:17:10,

All the situations considered in the statements presented above involve
non degeneracy hypotheses of one form or another. These restrictions allow
to preserve the Hamiltonian structure through all the reductions carried out
to solve the problem. The degenerate situations involve completely different
techniques and require a much more analytic study. In other words, the ge-
ometry of the problem is still important but its understanding is not sufficient
to fully describe the dynamics associated to it. The reader is encouraged to
check with 2? for results similar to the ones presented here, in the presence of
degeneracies.

The previous statement is especially relevant when attempting to under-
stand the bifurcation phenomena in Hamiltonian symmetric systems. For
instance, the appearance of RPOs in a Hamiltonian symmetric Hopf bifur-
cation is a natural problem to study where some answers have been given 6.
Nevertheless, the full picture is far from being understood.
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COMPUTING INVARIANT MANIFOLDS OF PERTURBED
DYNAMICAL SYSTEMS
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We study perturbed dynamical systems defined through an m-dimensional vector
field. In this paper we illustrate how the computation of different normal forms of
these systems leads to the calculation of different invariant manifolds of them.

1 Introduction

Let us consider the ordinary differential equation

dx(t)

L
i = Pty = Fo(x(t)io) + ) FFix(the), (1)

i=1

where t represents the independent variable, x € R™, ¢ € R™ are parameters
associated to the problem, € stands for a dimensioniess small parameter and
for 0 < i< L, F; is a vector field with m components defined on an open set
Q C R™. Our goal is to find out periodic orbits and other invariant manifolds
of (1).

We use the methodology presented in the work by Palacidn and Yanguas!4
for the computation of asymptotic invariant manifolds associated to (1). It is
a generalization of previous work for vector fields !> and Hamiltonians ' of
polynomial type. The main idea is to construct generalized normal forms,
i.e. different formal changes of variables which lead to different systems of
differential equations (the normal forms). For this purpose we make use of
Lie transformations®. Thus, (1) is transformed into different systems, each of
them enjoying a different symmetry up to a certain order of approximation.
As an example of the calculation of normal forms of non—polynomial vector
fields we mention the work by Cushman* on perturbed Keplerian systems.

Once an asymptotic symmetry is determined, a reduction map allows us to
pass to the reduced system, which is defined in the orbit space. Its dimension
is 8 < m and it is parameterized by the invariants associated to the reduction
map. A non-degenerate p—dimensional (with p < s) invariant set of the re-
duced system is transformed, asymptotically, into a (p + m — s)—dimensional
invariant set of the departure system. Moreover, these invariant sets are calcu-
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lated explicitly (up to an adequate order) by inverting the Lie transformations
involved in the computation of the normal forms.

Making use of the Splitting Lemma (see the paper by Gaeta” and references
therein) it is readily proven that the transformed vector field can be split
into two subsystems defined on two different invariant spaces. One of the
subsystems, the so—called reduced system, contains the fundamental dynamics
of the departure system.

The paper has four sections. Sec. 2 recalls the Generalized Normal Form
Theorem. In Sec. 3 we roughly describe the geometrical aspects of the reduc-
tion process. These two subjects are more deeply studied in the work by the
authors ', In Sec. 4 the procedure is applied to the Lorenz system and to the
Hamiltonian vector field defined by the restricted three body problem, so as
to characterize new periodic orbits and 2D invariant manifolds.

2 Extending Symmetries of the Unperturbed Part

We recall the Generalized Normal Form Theorem we make use of in order to

calculate formal symmetries of F. Its proof is given in a previous paper 2.

Theorem 2.1 Let M > 1 be given, let {P;}M,, {Qi}M, and {R;}M, be se-
quences of vector spaces of analytic functions in x € R™ defined on a common
domain Q in R™ and let T = T(x) be a vector field in some {P;} M, with the
following properties:

i) Qi CPi,i=1,...,M;

i) FiePi,i=0,1,...,M;

i) [Pi, Rj] CPij i +3=1,..., M;

) foranyDeP;,i=1,..., M, one can find E € Q;, K € R; such that
E=D+[Fy,K]| and [E,T]=0.

Then, there is an analytic vector field W,

i

M1
g
W(xie)= Y = Wi (x),
i=0 )

with W, € Ry, i = 1,..., M, such that the change of variables x = X(y;¢) is
the general solution of the initial value problem

dx OW
o= *'6;(&5)’ x(0) =y,
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and transforms the convergent vector field

to the convergent vector field

M
Glyie) = Y = Gily) + O™,

=0

with G; € Q; and [G;, T} =0,i=1,...,M. Besides, if [Fo, T] =0 then
T = T(y) is a formal symmetry of G.

Note that the difference between this result and General Perturbation The-
orem given by Meyer® is that here we introduce T and require that functions
E € Q,; satisfy [E, T] = 0. This vector field T gives us the freedom to
compute different asymptotic symmetries, different normal forms. Let us call
H(y;e) the reduced system, i.e., the truncation at order M of G:

Y Hye =S Lo 2
Fri (y,s)_;—ﬁ i(y)- (2)

This vector field is a generalized normal form of the original vector field (1).
Note that the number of generalized normal forms one can calculate depends
on the different Lie transformations of F{x;¢) one executes, or in other words,
on the independent symmetries T corresponding to Fo.

This transformation is not convergent, in general, but we do not address
this subject here. Some results about convergence of transformations based
on normal form techniques can be consulted in the reference by Walcher 16, as
well as in the book by Cicogna and Gaeta®.

3 Reduction

From a geometrical point of view, the consequence of introducing a symmetry
by making use of Theorem 2.1 is that the dimension of the phase space is
reduced from m to s (s denoting the number of functionally-independent first
integrals associated to T).

Related to the one—parameter group of symmetries introduced through the
Lie transformation there is an (m — s)-dimensional Lie group G, such that
H is Gp—equivariant, that is, fixed € > 0, for any y € R™ and any g € G,
H(y,e) = H(gy,¢). Schwartz 1* proved that for any Gr—equivariant vector
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field, there is a set of smooth functions ¢;(y),? = 1,...,r defined on & domain
2 C R™ such that any Gr—equivariant smooth function defined in {2 can be
written as a C*°(Q)-function of ¢;(y). Besides, these functions correspond to
the r linearly-independent first integrals of the system dy(t)/d¢ = T{y(¢)),
from which 1 < s < r are functionally independent.

We define the reduction map as the surjective map:

T QCR™ — R™/G+
y land P:{<P1,---,‘Pr}-

Now, related to the reduction map wy and the vector field (2), there is a
phase space defined as the s—dimensional quotient space R™ /Gy (which is a
semialgebraic manifold, the so—called orbit space, see details in the book by
Cushman and Bates ®). Henceforth, the ; are also called the invariants of
the reduction process. We choose a set of co-ordinates on G, to make the
reduction explicit. Denoting q = {¥1,...,%m—s} the flow on Gy is indeed the
time evolution of the variables 9; € Gy. We have the following result due to
Gaeta”.

Theorem 3.1 Splitting Lemma. Given the generalized normal form system
(2) with H @ smooth function of € and y defined on @ C R™, it can be
transformed into a triangular system as:

ar = ae)e),
dq(t) _ . ©
TR (a(t), p(t); €),

a and b being smooth functions obtained constructively from H.

The first equation of (3) depends exclusively on the i;, it is named the
reduced system and is defined on R™ /Gy, whereas the second equation of (3)
is defined on the Lie group Gp. The vector field a is constructed using the
identity dp(t)/dt = (0p/8y) H(y;e) taking into account that the right-hand
part of this equation can be expressed completely in terms of p. Thus, we
identify a(p;e) = (8p/@y) H(y;e). The construction of b is performed once
the co—ordinates q have been calculated.

In order to go through the details of the reduction process, the explicit
calculation of the invariant manifolds of the original system from the study of
the reduced system and estimates of the error committed by the application
of Theorem 2.1, the reader can consult the work by the authors 4.

The clue of this method is that the type of invariant manifold of the original
system determined through a certain normal form depends on the type of vector
field T and consequently on its invariants or co—ordinates in Gr.
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4 Examples of Application

We choose two well-known deeply studied problems. The first one, the Lorenz
system, which is polynomial and disipative. The second one, the 3D restricted
three—body problem: a non-polynomial Hamiltonian system.

4.1 The Lorenz System

The Lorenz system has been treated from the point of view of generalized
norma} forms by the authors in a previous paper . The classical definition of
the system is as follows:

dzx dy dz 8

—_— —_ — — — —— —— 4

o = Wy-2), —p=rer-y-zz — =zy-3z (4)

where r is a positive parameter and ¢ represents the time variable. The linear
part of the system is defined by the matrix:

—-1010 O

_ r -1 0
S W
3

The eigenvalues of A are non-resonant. Thus, the Poincaré-Dulac normal
form is linear and no qualitative information about the original system can be
inferred from it. Using generalized normal forms we have found some invari-
ant sets. In order to calculate generalized normal forms of (4) and compute
thereafter invariant manifolds of it, we have to choose a vector field T, which
in the polynomial case is: T(x) = T x, in such a way that T commutes with A
and the normal form be nontrivial. So, according to the work by Yanguas !’
and taking into account that A is diagonalizable with distinct eigenvalues:

t; 00
T=]0¢to0
0 0ts

Thus, different choices of ¢; lead to different invariant sets of (4). For instance,
in Fig. 1 we present two invariant sets for different values of T'.
4.2 The Restricted Three-Body Problem
The Hamiltonian is defined as follows:
1
H=—(~z2tn +Z1y2) + 3 (¥ +93+v3)
_ I _ 1—p
VEL+p+z)2 +zi+52 J(p+x)?2+i+23
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a3 7

»
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Figure 1: On the left the stable manifold of the origin is depicted. The values of the
coefficients of matrix T are: t3 = 1,¢; =23 = 0 and r = 3.205189. On the right we present
some one—dimensional invariant sets for 3 = t2 = £, /2.

where ¢ > 0 represents the mass of the first primary, whereas 1 — p > 0 corre-
sponds to the mass of the other primary. The coordinates of the infinitesimal
particle in a rotating coordinate system are (x,%s,23) and the momenta (or
velocities): (y1,¥2,¥3). The position of the first primary is: (1 — 4,0,0) and
the second primary is placed at {(—g, 0,0).

Here we only consider the so—called lunar problem?, where the infinitesimal
particle is very near one of the primaries. We put one primary at the origin,
rescale variables and Hamiltonian by introducing the small positive parameter
€ as a measure of the distance from the infinitesimal particle to the first primary
and perform a series expansion in £ up to order 5. Thus, we reach:

1 -2
5 ¢3 ( Jor + ok T 2% yi+y:+uys (~z29n + 2192)

3 5
+5 p(-20% + o+ 2d) + S5 p (1 - w01 [~20F + 3 (] + 23)]
and we can consider H as a perturbed Keplerian Hamiltonian. In this way we
can apply the techniques used to deal with this kind of systems. For instance,
we express M in Delaunay variables (see the paper by Deprit ® and references
therein): H(¢,g9,h,L,G,H;¢€) in order to calculate normal forms, Now, we
have different possibilities to extend {(formally) symmetries of the unperturbed
system to the whole perturbed one. As L and H are integrals of the unper-
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turbed part, we can either choose the energy of the unperturbed system: L,
as the integral to be extended, the third component of the angular momentum
vector: H, or both. We summarize these possibilities in the following commu-
tative diagram:

L is an integral
R® T 82 x S

H is an integral J{ H is an integral

6 L is an iniegral
R /(Sl x S i ToH

With the two first reductions, families of periodic orbits are determined
in two degrees of freedom, whereas from the double reduction, families of 2D
invariant tori are calculated in one degree of freedom.

Making L an integral of the perturbed transformed system up to a certain
order is just performing a Delaunay normalization ®. In this case we have
reached order eight in the procedure. Fixing L > 0 the reduced phase space is

four—dimensional: the product of the two-spheres:
S? xS} = {(a,b) € R® | a? + a% +a = L2, b2 +b}+0b2=L72}

We have calculated the equilibria on S? x S7. They correspond to periodic
orbits of the original system parameterized by L. In fact, we found the periodic
orbits given by Moser 1°, which are rectilinear and circular equatorial.

Normalizing the argument of the node: h, we make that A be an integral of
the transformed perturbed system up to order nine, in this case. The reduced
phase space is also four-dimensional:

RG/(SI X Sl)H ={(cl)-.-,66) & R‘6 l C1Cq zcg—}.cg, Cs zH}

The equilibria we found on RS / (8! x SV g correspond to equatorial periodic

orbits, which are the ones found by Arenstorf® for the planar case.

For details on the these two reductions, the reader can consult the work
by Cushman*.

Extending both integrals: L and H, we reach the two—dimensional reduced
phase space defined by:

Tog={(m,m2,7) € R® | 7§ + 78 = [L* — (n — H*| x [L? - (n + H)*}},

where 0 < |H| < L,L >0, 7,73 € [H2—L? L*~H? and 1y € [H—-L,L— H].
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The equilibria of the doubly reduced system correspond to quasiperiodic

(stable) circular equatorial orbits, stable rectilinear in the axis Oz (due to
Belbruno ?) and unstable rectilinear equatorial. Some examples are in Fig. 2.

Figure 2: On the left: equatorial quasiperiodic orbits. On the right: circular quasiperiodic

orbits.
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In this review we study the periodic behaviour of some nonlinear PDEs looked
upon as infinite dimensional dynamical systems. We briefly illustrate the origins
and the motivations of this kind of problems and some of the lines along with they
have been tackled. We explain then our contribution, which consists in a suitable
combination of bifurcation and averaging techniques, leading to very simplified
proofs and to results for completely resonant systems. Application to nonlinear
string equation, and to some higher dimensional equations are given.

1 Introduction

The main results we are presenting in this proceeding are the following: We
obtain existence of families of small amplitude periodic orbits for a class of
equations whose linear part is completely resonant, and we apply it to a
nonlinear string equation; for such equation we also give a stability result of
Nekhoroshev type for the fundamental mode. We then develop a version of
the previous abstract result for the partially resonant case, in order to deal
with higher dimensional equations, applying it to a nonlinear plate equation
in any spatial dimension.

For what concerns the existence of periodic solutions, the problem takes
origin from the very classical and old question of the continuation of periodic
orbits from linear to nonlinear systems, which goes back to Poincaré and
Lyapunov, and which in turn arises from the study of the small oscillations
about an elliptic equilibrium point.

In the finite dimensional setting, the Lyapunov center theorem states that:
Given n oscillators, with a nonlinear coupling which is of higher order near the
origin, such that there exists a first integral, if the frequency of an oscillator is
not in resonance with all the other frequencies, then the normal mode related
to that oscillator can be continued to the nonlinear system. If the system is
Hamiltonian, which provides the existence of the first integral, given by the
Hamiltonian itself, and all the frequencies are non-resonant between them,
then all the n linear periodic solutions, actually the normal modes, locally
persist in the full system, with small deformations for their trajectories and
their frequencies.

It is then natural to ask for extensions of this result to resonant systems
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and to infinite dimensional systems.

We remark at this point that when one looks for quasi periodic solutions,
which is the subject of the KAM theory, he has to manage the problem of
the small divisors: But if the system is nfinite dimensional, this difficulty is
already present in the search for periodic orbits.

For resonant but finite dimensional systems, there are results by
Weinstein!? and Moser!?: They state that if the system is Hamiltonian, and
the Hamiltonian function, near the origin, is positive definite on the subspace
spanned by the possibly resonant modes, then there are n periodic solutions
for every small energy, where n is again the number of degrees of freedom.

On the other hand, for infinite but non-resonant systems, there have been
various extensions providing persistence of both periodic and quasi-periodic
solutions, via KAM methods (see for example the works by Kuksin?:1,
Poschel'* and Wayne!®) and by a new approach based on Lyapunov-Schmidt
decomposition and Nash-Moser techniques (see Craig & Wayne 7® and
Bourgain®). The latter approach proved to allow to deal with partial res-
onances, as those arising from periodic boundary conditions or from a spatial
dimension of the problem larger than one.

Very few results, instead, exist for infinite dimensional completely res-
onant systems, apart from Bourgain® and Lidskii & Shulman!!, and those
obtained by a variational approach (see for example'®), which are of a quite
different nature.

2 Resonant systems

The first result we present is of an abstract type, and is concerned with an
infinite system of ODEs of the form

ug + Au = f(u), (1)

in a suitable Hilbert space, where A is a positive self-adjoint operator with
completely resonant pure point spectrum, and f is a nonlinearity whose first
non-vanishing term f(®) in the Taylor expansion is homogeneous at least of
order three; we also denote by (f(?)) the average, with respect to the linear
flow &*, of f(O namely:

2
(O =g [ 7 [0 (@] .

Theorem 1. Consider the setting above: Then, associated to every non-
degenerate zero of the map A + (f(9) there is a Cantor family of periodic
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solutions with small energy, whose trajectories and frequencies are close to
that of the linear evolution of such a zero.

The above statement can be made more precise. Furthermore, when the
nonlinearity is of gradient type, ie. f(u) = VF(u), it is possible to give
a formulation in terms of critical points of (F(9)] E-1(c) instead of zeros of
A + (f(9) (where it holds Au = VE(u)); the forthcoming scheme of proof
refers to this situation — where moreover, for simplicity, we also assume f©
to be homogeneous of order three. See the original paper? for further details.
Proof As in the work by Craig & Wayne’, the main scheme of the proof
is based on a Lyapunov-Schmidt decomposition, but our attention is concen-
trated on the kernel equation, which in our case is infinite dimensional due to
the full resonance of the problem. It is solved by exploiting a natural isomor-
phism between such a kernel and the configuration space of the system, and
by making use of averaging theory.

First of all we define a set of ‘good frequencies’ W.,, as those which are
sufficiently non resonant with respect to the spectrum of A: They will be
the frequencies of the solutions we are able to find. Denoting by {k7} the
spectrum of A, with k; integers, we set:

Wy:={weR st. |wl—Fk|> :lz whenever [ #k;}; (2)

this set turns out to be uncountable, with all the integers as accumulation
points.

We then re-scale time to look for solutions with fixed period: Fix w € W,,
and consider the operator L,q := w?qu + Ag; we look for solutions of the
equation

L= )+ M), ®)

with ¢ in the Hilbert space H, C H!(R/2nZ, £2) of the functions of the type

q(t) = Z goj + quj COS(lt) €,

jeN I>1

(e; being the eigenvectors of A relative to k), with the norm

hall® =Y % < 2a8; + > af(1+1%)

jEN 1>1

Solutions of 3 define periodic solutions of 1 with frequency w.
We use a Lyapunov-Schmidt decomposition on the kernel of L;: remark
that such a kernel is constituted by all the solution of the linearization of 1,
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since all the eigenvalues of A are integers. Let K := kerL; and R := K1,
and denote by Q : H; = K an P : H, — R the projectors on these space.
Decompose g as follows:

g=ev+ew, v=Qv, w=Qw, e¢€R

and let impose on v the normalization condition [jv]| = 1; we also make the
ansatz

w? =1+ B (4)

with 8 to be determined. Inserting in equation 3 and decomposing it on K
and R we have

Luw = PO®) + 5P [fO(ev +&w) = 1O(e) + fD(ev + )], (P)

~Av = QfO() + 3@ [fO(ev + Sw) - V() + fD (v + )] , (@

where the parts in square brackets turn out to be higher order corrections.

The first step is the solution of the equation on the range, which involves
the small denominators: Since w € W, the eigenvalues Ay := (—lw+k;)(lw+
k;) of L, are such that

szl > %wl =y,

and therefore L, is invertible on its range, with a bounded inverse, whose
norm is uniformly bounded for w € W,.. Thus one can apply L' to the
equation (P) and apply to it implicit function theorem in order to construct
w as a function of v € K, of w € W, and of ¢ small enough. Remark that
w(v,e€) is close to L7 PO (v).

The second step is the solution of the kernel equation (equation (@)). To
this end remember that the ((}) equation is a perturbation of the equation

~BAv = QfO(v), (5)

so the idea is to solve 5 and then to use implicit function theorem in order to
solve equation (Q).

The main remark is that equation (Q) is equivalent to an equation on the
configuration space Q. In fact K is generated by {cos(k;t)e;}, and therefore
the isomorphism between these spaces is simply given by

I:Q0—-K
z—=I(z)=¢q with g(t) := &2
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where 'z = ®4(}; zje5) = zj cos(k;t)e; is the flow of the linearized
system in the space Q Using sucﬁ an 1somorph13m it is possible to pull back
equation 5 to the configuration space; in particular one can easily verify by
explicit computation that such a pull back takes the form

~AVE(z) = V(FO)(2) , O)
where (F(®) : @ - R is the average of F(%, defined by

(FOOY(2) := —;- / ! FO/ (&t 7)dt

0
and the function E is the harmonic energy defined by

E(z) = Zkz 2.

Then equation 6 is equivalent to the equation for the critical points of the
restriction of F(®) to suitable level surface E, which is a sphere. Here 3 appears
as a Lagrange multiplier. Let now zp be a non-degenerate critical point of
F := F(0 | E-1(c)" then by implicit function theorem it can be continued to a
solution of the @ equation.

Finally one has to satisfy the equation 4, which is now an equation for e.
It can be reduced to a fixed point equation that can be solved by contraction
mapping principle provided w € W, is sufficiently close to 1.

With minor changes it is possible to show that the frequency actually can

be chosen near n if the linear flow of the critical point has frequency n (in
particular, in the above procedure one has to consider the decomposition on
the kernel of L,, instead of that of L;).
Remark One of the main differencies between the resonant and the non-
resonant cases is that, in the latter one, periodic orbits of the linearized system
are isolated, while for the resonant situations they constitues linear subspaces.
So, switching on the nonlinearity, in one case there is clear continuation tech-
niques involved, while in the resonant setting we first have to choose which
linear orbit will be continued exploiting the nonlinearity to break the described
nondegeneracy.

2.1 Nonlinear string equations

The attention is now addressed to the system which actually constitutes one of
the fundamental and motivating examples for considering the abstract setting
cited above, namnely the nonlinear string equation. The delicate point in using
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the general theorem consists in looking for the above mentioned critical points
and in checking their non-degeneracy, which is not trivial at all.
Define

6n(z,1) 1= [sm (rw(z + )lm) — s ({2 + ) m)]

where sn is the elliptic sine, w and m are constants defined by the boundary
condition stated below, and V is normalization constant; we then have the
following

Theorem 2. Consider a nonlinear string equation of the form vy — Uze =
+u® + O(u*), with Dirichlet boundary conditions on [0,7]. Then there are
countably many Cantor families, in the energy €, of periodic solutions, whose
trajectories and frequencies are close to those of €&,(x,t). Moreover, the
family with lowest frequency exhibit a Nekhoroshev type stability, i.e. solu-
tions starting O(e2) close to it, remain O(e?) close to it for times of order
O(exp(1/e)).

This result can be found in ¢ concerning the existence part, and in 13 for
the stability result and for various lemmas used also in *.

To obtain the proof of the theorem one has to put the system in normal
form, explicitly calculating the average (F(®); one has to find all the critical
points required by theorem 1, and to verify their non degeneracy. For the ap-
plication of the theory of 2 ensuring the stability property, it must be checked
that only one of these critical points is an extremum.

3 Plate equations in higher dimension

In this section we consider a class of systems in higher space dimension, which
typically exhibit resonances even when the corresponding one dimensional
version is non resonant: This typically reflects the symmetries of the spatial
domain of the equation.

So, consider the following nonlinear plate equation

ues + AAu + mu = +u® + O(u®) (7
with Dirichlet boundary conditions in a n—dimensional cube. We use the
notation

EGraenin) (@1, o Thy t) 1= sin(fr 1) - - - sin(Fr k) cos(wj, ... 5 t)

for some solution of the linear system, around which we look for the periodic
orbits.

Theorem 3. Consider the system 7. Then, for any n and for m belonging to
an uncountable and dense subset of the interval [0,n?/4], there ezist a Cantor
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family of periodic solutions with trajectory and frequency close to that of the
fundamental linear mode, & ... 1)-

Concerning the modes which exibits resonances, the theory permits to

have a clear picture of the situation: the following statement must be consid-
ered as an example of the results we are able to obtain.
Theorem 4. Consider the system 7. Then, for n = 2, there are Cantor
families of periodic orbits with trajectories and frequencies near those of {1 3,
€2.1), &a.2) TE2,1) with m is in a dense subset of [0,25/4], and near those of
€.y, &r.1)s §s.8)0 Sy T &)y S T E85.5)r &5,y T E(v,1), withm is in a
dense subset of [0,25/2].

The main scheme for the proofs is again a Lyapunov-Schmidt decomposi-
tion: We choose the kernel of L,,, where w is the frequency (possibly multiple)
of the linear solution we try to continue.

This theorem (see ? for full details) is a sort of intermediate result between
those of * and !: In fact, when the parameter m of the system is not zero,
the linear part is no more completely resonant, but due to the multiplicity of
some eigenvalues, it is neither completely non-resonant.

So, as in Lyapunov theorem, one must ask that the frequencies belonging
to the resonant block are sufficiently non-resonant with the other, through a
Diophantine condition: This is necessary to solve the range equation in a way
similar to that showed in the proof of theorem 1. This is the most delicate
point, because one wants to verify this condition for a sufficiently large set of
the parameter m.

For the existence of periodic solutions near the fundamental mode (theo-
rem 3) this is enough, since such a mode is always simple, and thus the kernel
equation is trivially one dimensional. Concerning the higher modes (theorem
4), one exploit again the isomorphism between the range and an appropriate
configuration space; then, since the resonance is finite — since the multiplicity
of the frequency is finite — it is quite easy to calculate explicitly the average
of the perturbation and to look for its critical points as in the proof of the first
theorem. In this way it is possible to obtain the exact number of solutions
and their localization.
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The Fermi Pasta Ulam chain with periodic boundary conditions admits discrete
and continuous symmetries. These symmetries allow one to formulate important
restrictions on the Birkhoff normal form of this Hamiltonian system. We derive
integrability properties and KAM statements. Hence the combination of symmetry
and resonance in the periodic Fermi Pasta Ulam chain explains its quasiperiodic
behaviour. This article contains a summary of the results obtained in references
11 and 12

1 Introduction

The Fermi Pasta Ulam chain with periodic boundary conditions is a model
for point masses moving on a circle with nonlinear forces acting between the
nearest neighbours. Let us set ¢; € R to be the position of the j-th particle
( =1,...,n) with respect to a certain reference position on the circle. The
space of positions ¢ = (¢1,...,¢n) of the particles in the chain is R”. The
space of positions and conjugate momentais the cotangent bundle 7*R"™ of R™,
the elements of which are denoted (¢,p) = (¢1,...,¢n,P1,.--,Pn). T*"R™ig8 a
symplectic manifold, endowed with the symplectic form dgAdp = Z?=1 dg; A
dp;. Any smooth function H : T*R” — R now induces the Hamiltonian vector
field Xp given by the defining relation ¢x, (dg A dp) = dH. In other words,
we have the system of ordinary differential equations ¢; = ngf, P = —g—z.
The periodic FPU chain with n particles is the special Hamiltonian system
on T*R" corresponding to the real analytic Hamiltonian

1
H= > 51)}' +Vigjrr —q5) » (1.1)
jGZ/n;z

in which ¥ : R — R is a potential energy function of the form

1 ﬂ ot
Viz) = —a: + é—'x +
The a, ,... are real parameters measuring the nonlinearity in the forces
between the particles in the chain.

... (1.2)
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Numerically, the FPU system was first studied by E. Fermi, J. Pasta
and S. Ulam ®. These authors used the chain to model a nonlinear string.
They expected that in the presence of small nonlinearities, the chain would
show ergodic behaviour, meaning that almost all orbits densely fill up an
energy levelset of the Hamiltonian. Ergodicity would eventually lead to
an equal distribution of energy between the various Fourier modes of the
system, a concept called thermalisation. FPU’s nowadays famous numerical
experiment was intended to investigate at what time scale thermalisation
would take place. The result was astonishing: it turned out that there was
no sign of thermalisation at all. Putting initially all the energy in one Fourier
mode, they observed that this energy was shared by only a few other modes,
the remaining modes were hardly excited. Additionally, within a not too
long time the system returned close to its initial state.

In 1965 an article of Zabuski and Kruskal 5 appeared. These authors
considered the Korteweg-de Vries equation as a continuum limit of the FPU
chain and numerically found the first indications for the stable behaviour
of solitary waves. We now know that the Korteweg-de Vries equation is
integrable °. This clearly suggests an explanation for FPU’s observations,
although the relation between the FPU chain and its infinite dimensional
limits has never been understood.

Another, possibly correct explanation for the quasiperiodic behaviour of
the FPU system, is based on the Kolmogorov-Arnol’d-Moser theorem. As is
well-known 2, the solutions of an n degrees of freedom Liouville integrable
Hamiltonian system are constrained to move on n-dimensional tori and are
not at all ergodic but periodic and quasiperiodic. The KAM theorem states
that most of the invariant tori of this integrable system persist under small
Hamiltonian perturbations, if the unperturbed integrable system satisfies
a certain nondegeneracy condition. This nondegeneracy condition states
that the frequency map, which assigns to each n-dimensional invariant
torus of the integrable system the n-dimensional vector of frequencies of the
(quasi)periodic motion on this torus, be a local diffeomorphism. Although
several authors, starting with Izrailev and Chirikov 7, have stated that the
KAM theorem explains the observations of the FPU experiment, it is still
completely unclear how the FPU system can be seen as a perturbation of a
nondegenerate integrable system. One could only view it as a perturbation
of a harmonic oscillator, but the frequency map of the harmonic oscillator
is constant and hence degenerate. This gap in the theory was recently
mentioned again in the review article of Ford & and the book of Weissert 4.

The only serious attempt to overcome this problem was made in 1971 in
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a paper by Nishida 8. Unlike us, this author considers an FPU chain with
fixed endpoints. Under a rather strong nonresonance condition on the linear
frequencies of his system, he shows that there is a nonlinear symplectic near-
identity transformation of phase space, the ‘Birkhoff transformation’, with
the following property: written out in the new coordinates, the Hamiltonian
function of the FPU chain turns out to be a perturbation of a nondegenerate
integrable system. And hence the KAM theorem can be applied. The
weakness of this argument lies of course in the fact that the linear frequencies
actually do not satisfy the imposed nonresonance condition.

Sanders '® does a similar thing for FPU chains with periodic boundary
conditions and an odd number of particles. Assuming a nonresonance
condition, he observes that the normal form is again integrable, but he does
not verify the KAM nondegeneracy condition.

In this short paper I shall give a summary of the results that ¥. Verhulst
and I ! 12 obtained in trying to generalise the work of Nishida and Sanders.
In particular, we computed all the lower order resonance relations in the
eigenvalues of the linearized FPU chain. And secondly, we exploited the
discrete symmetries of the periodic FPU chain to show that its Birkhoff
normal form has some very special properties. In a lot of the cases, one can
actually prove that it is integrable or even satisfies the KAM nondegeneracy
condition. We do not impose any nonresonance condition. For more details
concerning the calculation, the reader should of course consult the original
references ! and 12,

2 The linear system

One would like to view the solutions of the equations induced by (1.1) as a
superposition of sine and consine wave forms. Therefore, one usually applies
a Fourier transformation (g, p) = (§,$). The new coordinates (g, p) are called
‘phonons’ or ‘quasi-particles’. The transformation to phonons is a linear sym-
plectic point transformation. We omit the transformation matrix here. See
11 or 12 for the exact formulas. The transformation is such that when written
out in phonon-coordinates, the FPU Hamiltonian reads

n—1
1 = _
H= Z 5(}3? +Ld12q—?) -+ Hg(q—l, coyGne1) H4(ql, e Gne1) F o
j=1 (21)
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where Hy (k = 2,3,...) denotes the k-th order part of H. For j = 1,...,
n—1, the numbers w; are the eigenvalues of the linear periodic FPU problem:

wj = 2sin(z;—:£) . (2.2)

Expressions for Hs and H, in terms of the §; can be found in the literature,
cf. 1% We do not repeat them.

Note that the new Hamiltonian has n — 1 degrees of freedom instead of
n, because simultaneously with introducing the phonons, we divided out the
symmetry induced by the flow of the total momentum p; + ...+ p,, which
is a constant of motion. More details can be found in ', The Hamiltonian
(2.1) on T*R"~! represents the periodic FPU system from which the centre
of mass motion has been eliminated.

Since wf- > 0(l < j < n~1), using the Morse-Lemma ! we conclude
that the level sets of H are 2n — 3 dimensional spheres around the origin of
T*R"~!, Since H is a constant of motion for the flow of Xp, the origin is a
stable stationary point for the system induced by (2.1). It corresponds to an
equidistant configuration of the particles.

1

3 Birkhoff normalisation

From (2.1) we see that the solutions of the linearized FPU system are simply
superpositions of pulsating wave forms. But in the full nonlinear system the
Fourier modes can exchange energy. We shall study this much harder system
using Birkhoff normalisation, hoping to be able to apply KAM theory and
bifurcation methods.

The setting of normalisation is the following. Let Py be the space of ho-
mogeneous polynomials of degree k in the canonical variables (g1, ..., §n—1, 51
s+« Pn—1). The space of all convergent power series without linear part is
denoted P C @, Px. P is a Lie-algebra under the usual Poisson bracket
{f,9} = dg Adp(X;,X,). Finally, for each f € P one defines the adjoint
operator ady : P — P which maps ad;y : ¢ — {f,g}. Note that when
ady(g) = {f,g} = 0, then the flows of X; and X; commute. The following
result 1s well-known:

Theorem 3.1 (Birkhoff) Let r > 2 be a given natural number. Assume
that H = Y ;o Hi € P is such that for each 3 < k < r, ady, : Px — Py is
semistmple, i.e. complex diagonalisable. Then there is an open neighborhood
U € T*R™" 1 of the origin and an analytic symplectic diffeomorphism ¥ :
U — ¥(U) C T*R™ ! such that ¥(0) = 0, D¥(0) = Id and H := Ho ¥ =
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S a2 4 Hy € P has the properties that Hy = H and adg,(Hy) = {Ha, He} =
0 forall2 <k <r.

The transformed Hamiltonian H is called a Birkhoff normal form for H of
order r. It can be determined following a rather explicit procedure, which the
reader can find in ? and !. It is usually impossible to push r to infinity.

In the case of the periodic FPU Hamiltonian (2.1}, adg, : Py — Py is
indeed semisimple and its eigenvalues are the numbers

n~1
> iwi(ng — ;) (3.1)
j=1

where 17,8 are n — l-dimensional multi-indices with the property that
Inl+ 18] := Y32 fgl + 1651 = k-

It is important to study the kernel of adg, because this kernel contains
all possible normal forms of the FPU chain. Therefore we wonder whether
some of the eigenvalues (3.1} are zero. In this case we speak of ‘resonance’.
There are some trivial resonance relations: choose for instance n; = ;. Note
also that from (2.2) it follows that w; = wy..;. This yields even more rather
trivial 1:1 resonances.

Are there more resonance relations?

Nishida ® and Sanders '® had to make the assumption that weren’t
any, although in fact there are. Using Galois theory, we calculated all the
resonance relations for which || + |#] = 3,4. We got substantial help from
Frits Beukers at this point. To give the reader some feeling for the type of
resonance relations we found, we give two of them here:
QSin%—sin%’E =0 and sin%+sin%—sin% -—sin%—‘;E =0.

The first one is rather trivial, but the second is not. Nishida & and Sanders 13
were worried that this type of nontrivial resonances could spoil their normal
form results. It is therefore very surprising that these resonances turn out to
be completely harmless. This is caused by discrete symmetries.

4 Discrete symmetry

Consider the following maps in the space of positions of the particles:

T:04 — 0, and §:0, — —0,,_; 4.1)
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T and S represent permutations that rotate and flip the particles respectively.
They can be extended to symplectic point transformations on T*R™. These
point transformations, which we shall also denote T' and §, leave the Hamil-
tonian of the periodic FPU problem (1.1} invariant: 7*H == HoT = H
and S*H := H 0 § = H. This implies that the Hamiltonian vector field Xg
induced by H is equivariant under T" and S. Therefore, T and S are called
discrete symmetries of H. The group (T, S) generated by T and § is isomor-
phic to the n-th dihedral group, the symmetry group of the n-gon.

Finally, $ and T project to symmetries of the reduced Hamiltonian {2.1).

5 The symmetric normal form

A crucial observation, which was brought to our attention by J.J. Duister-
maat, is that one can construct Birkhoff normal forms, that respect these
symmetries. In other words, one can choose to make normal forms that have
the same symmetries as the Hamiltonian one started out with. For a proof of
this statement, the reader can consult 3.

In the case of the FPU chain with periodic boundary conditions, this
means that the nonquadratic terms of the normal form Hy + Hs + Hi+...
satisfy

adp, (Hx) =0, (T* —1d)(Hy) = 0 and (S* — 1d)(Fx) =0 .
(5.1)

In other words, Hy is in the joint kernel of the linear operators adg,, T* — Id
and S§* — Id and it is our task to determine this joint kernel. This is the
computation that constitutes the main part of 12. Note that we already know
what the kernel of adp, is, as we have already calculated all the resonances.
In the computation of the joint kernel one uses the fact that adgy, and T —
Id commute to search inside the kernel of ady, for degenerate directions of
T* —1d. The invariance under S§* is then used to refine the results. I list the
most important conclusions here:

1 The set of homogeneous third order polynomials that satisfy (5.1) is {0}.
So H3y = 0 for the periodic FPU chain, independent of the number of
particles n and the resonances in the eigenvalues.

2 If the number of particles n is odd, then the truncated normal form
Hj + H, is Liouville integrable. The integrals are quadratic and consti-
tute global action-angle coordinates. This is true for every homogeneous
fourth order polynomial that satisfies (5.1), so we conclude it for the FPU
chain without even calculating its normal form,
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3 If the number of particles n is even, then we give a lot of integrals of the
truncated normal form Hz + Hg4, again without computing the normal
form. But we can not prove Liouville integrability this way.

Just like Nishida ® and Sanders '3, we explicitly calculated the normal form
of the so-called S-chain, for which the nonlinearity-coefficient o is zero. This
yields even more information:

4 If n is odd, then the truncated normal form Hs + Hs of the S-chain
satisfies the KAM nondegeneracy condition. Since the original system can
be seen as a perturbation of this truncated normal form, the conclusions
of the KAM theorem hold. We proved that most low energy solutions of
the odd B-chain lie on tori.

5 If n is even, then the truncated normal form Hy + Hs of the f-chain
turns out to be Liouville integrable too. We have no explanation of this
in terms of symmetries. 1t is very difficult to check the KAM condition in
this case, since we have no expression for the action-angle coordinates. In
fact, there are strong indications that global action-angle coordinates do
not exist in this case. On the other hand, the integrability of the normal
form makes one suspect that the KAM condition should actually hold.

Although we have a lot of results, there are obviously still many open ques-
tions.

6 Conclusion

The results of this paper might not immediately apply to the experiment of
Fermi, Pasta and Ulam. First of all, these authors did not study a periodic
chain. Secondly, it is not certain that the normal form approximation is still
valid at the energy level they chose in their experiment.

But still, the special combination of the eigenvalues and discrete symme-
tries of the FPU problem might be the true reason for the observations that
Fermi, Pasta and Ulam did.
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ONE-DIMENSIONAL INFINITE SYMMETRIES, BOUNDARY
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We will consider Lagrangian differential equations of dimensions two and higher whose
symmetry group generators contain an arbitrary function of one independent variable. We will
study the relationship between symmetries, boundary conditions and local conservation laws,
and discuss comparison with the Second Noether Theorem. We will demonstrate the
conclusions on the example of the equation of nonstationary transonic gas flow.

1 Introduction

In this paper we will discuss a problem somewhat intermediate between the First
and the Second Noether Theorems [1]. We consider a differential equation
admitting a symmetry algebra with operators depending on an arbitrary function of
one of the independent variables along with its derivatives (one-dimensional infinite
symmetries). We will be interested in the equations corresponding to a well-defined
action functional where symmetries of the functional (variational or Noether
symmetries) are at the same time the symmetries of our differential system (see e.g.
[2]). We will show that the considered one~-dimensional infinite symmetries do not
lead to an infinite number of conservation laws. We will demonstrate that some
conservation laws corresponding to given symmetries are possible and analyze the
role of the boundary conditions.

2 Noether operator identity. First and Second Noether Theorems

Let
S = jL(xi,u, u,--)d"x )
be the action functional, where L is the density of Lagrangian, X' = (f, X, ¥,...,),
i=1,.,n are independent and % are dependent variables, #, = Ou/dx'. Then
E(L) = o(x,u,u,,u,..)=0 &)
is the equation of motion, where E is the Euler-Lagrange operator

183


mailto:vrosenhaus@csuchico.edu

184

E=‘§“—Dii+ZDiDj'a_+"'- 3
Ou u, i Ou;
We consider an infinitesimal transformation of the form (see, e.g. [2] or [3}:
x'=x"+el' (xu,u,,.)+O0(?) o

u =u+en(x,uu,,.)+0E),
where £ is a small parameter. The operator corresponding to this transformation is

; 0 0 , 0
X=f —+np—+(f ——+.-- . 5
4 T 4 &)

In place of X we will consider a canonical operator X, with @ =177 — &'y, :

0 0 ) :
X =a—+(Da)—+ ) (D,D.a)y——+---. ©
o =gt (D)= é(,,)%
In the fitture we will make use of the Noether identity (see [4] (ar {5]), or [6] for a
version used here):

X,=aE+DR,,, ™
where
R, =a—a—+{Z(Dka)-—aZDk}—a—
“ ou, kzi kst Ou, (8)
+{ Y (0,0,a)- 3 (Da)D, +a ZDJDk}ga_JF... .
k2 j2i ksisy Jsksi Uix

The variation of the functional S under a transformation (4) with the symmetry
vector @ and operator X, is

58 = I[XaL +D (&' D)ld"x . ®
Let a be a variational (Noether) symmetry:
X,L=DM.. (10)
The application of Noether identity (7) to L gives:
X,L=aw+ D,(R,,L). 1y
Combining (11) with (10) we will get:
Di(Mi -—RaiL)=aa)’ 12)

which means that the total divergence of some vector vanishes on the solution
manifold (@ =0, Do =0,...):
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DN, =0. 3
Thus, any variational symmetry@ (in case of a finite group) leads to a
corresponding conservation law (12) - First Noether Theorem [1].

Consider now a case when the symmetry vector & is of the form
a=ap(x)+b.D,p(x)+c, DD, p(x)+... (14)

where p(x) is an arbitrary function (infinite group). We will apply the Noether
identity (7) to L

X, L=a’E*(L)+D,(R_L), as)
and transform the RHS of (15):

a’E*(L)y=(a"p+b/D,p+c)D,D,p+.. )0’

= pa’@® + D,(b%w" p) - pD, (B’ p) + ... (16)
= p(x){a’w’ - D,(b/0’)+ D,D (¢jw’)+...} + D,(b0’p +..).
Thus,
a’E’(L) = p(x)d(w,D,, ...)+ DK,, an
where K, ~ p(x), and
d=a'w’-D,b'w’)+ DD (ciw’)+... . (18)
Since @ is a variational symmetry using (10), (15) and (17) we obtain:
DM, =p(x)a+DiK! + D, (R, L), (19)
or
DT, = p(x)a, (20)

where 7, = M, -~ K, + R, ~ p(X). Equation (20) has a form of continuity

1
equation, but in general it does not imply a conservation law. Let us integrate (20)
over the whole space in R” and use the Gauss theorem:
[p1av = [Tndo = [pyaav. @b
v o v

Consider the following cases:
L p=p(X),X;5,...,X,). p(x) is an arbitrary function of all variables inR" .

In this case it is possible to choose the function p(X) such that it vanishes on the
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boundary together with its derivatives:

p(x) =Dp(x) =..=0. (22)
av v
Then T,| = 0. From equation (21) using arbitrariness of ¥’ we can write
av
DT =0 23)
and from (20) we conclude
a(w, Dw,...)=0. 24)
Therefore
a’®’® -D,(b}w*)+D,D,(c}o")+...=0, 5)

b
e

where ab,b,.b,c .are components of the symmetry @ (14). Equation (25)

expresses the Second Noether Theorem: in case of an infinite variational symmetry
group not all equations of the original differential system are independent [1].

L p=p(x,%,...% ), X€ER", k<n.
p(x) is an arbitrary function of some base variables.

In this case we generally cannot choose p(x) such that it vanishes on the boundary
together with its derivatives. Therefore 7, ~ p(x) will not, in general, vanish on

i

the boundary (T, -» Oas x, = OV ) and we can no longer conclude that d = 0.

Further we will consider a case kK =1 when the generators of the variational
symmetry group contain an arbitrary function of one of independent variables.

3 Infinite symmetry algebra with arbitrary function of time

Let x' =(x,y,?). Consider a Noether symmetry & of the form:
Yy

a=ay@)+by'@)+cy" @) +...+ iy P @). (26)
We have:
&= [oLd"x= [X,Ld"x=[DMd"x=0. @7
Therefore
p ] Yo 1>
M dmx+ M axs M dx=0 @9
X—>—c0 y—>—0 {—>—o

and it follows that the following conditions must be satisfied
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x= yoo (>

=M,(x,u,...). "0, @

{5

o0
Mx(x’u,---)] =My(x’u’--°)
X =3 =0
We will call equations (29) Noether boundary conditions. Equations (29) are
usually satisfied for a “regular” asymptotic behavior: u,%, — Oas x — %00, or
for periodic conditions.
Let us consider now another type of boundary conditions related to the
existence of local conservation laws. Integrating equation (12) over the whole space
(x, ¥) and restricting ourselves to the solution manifold we will get:

|y~

deafY[D,(M, ~R,,L)+D,(M, R, L)+ D(M,-R, )]0 G0

or

[JaxdyD(M, - R, Ly= [auR, . L-M, )Lw + [ax(R,,L-M, )LélD . (1)

Since & is a Noether symmetry, we can apply the Noether boundary condition (29).
Requiring that the LHS of (31) vanish (Noether conservation laws), we will obtain:
R,Ll =R,L
x—8D
We will call equations (32) “strict” boundary conditions. Thus in order for the
system to possess (Noether) local conserved quantities, the conditions (29) and (32)
have to be satisfied. Note that in case L = L(x',u,u,) (second order PDE’s)
strict boundary conditions (32) take a simple form:

oL oL
=a— = 0. (33)
aux x~+8D auy y—aD
If both Noether (29) and strict boundary conditions (32) are satisfied the Noether
conservation laws will read:

[[asdvD, (M, - R,,L)= 0. (34)

=0. 32

y—=adD

a

Let us demonstrate that the equation (34) does not lead to an infinite number of
conservation laws on the example of the case L = L(x',u,u,). Writing M , as

M, = Ay()+ By'(0)+ Cy" () +...+ Hy (1) G5
and using equation (26), we will obtain:

L. | L aL ],
D, | Idxd){y(A~a—é-u—l—)+y (B—bgu—l)+...+y(”(H—th)]= 0. (36)
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Since ¥ (7) is arbitrary we will get:

y(0): dedy (A a:—L =0
Y dedy{A a(—j;l—"-+D(B b%}:o 37

e oL oL )| .
Y- deay{ ba+D(C cgu—]}_o

y 0@ ded {H h—}—o.

The system (37) can be written in the form:

[t a-a | (| m-b 2} <. ffaaplr-n |0 69

Obviously equations (38) do not determine an infinite number of conservation laws.
It is possible to prove that for point and contact transformations (when coefficients

of the symmetry vector & depend on X',u,u, only) all equations (38) can be

satisfied only in the whole space. Therefore in this case, only trivial conservation
laws (with zero characteristics [2]) can be obtained.

4 Infinite symmetry algebra with arbitrary function of a spatial variable

Let @ be a Noether symmetry of the form:
a=ap(x)+bp'(x)+cp"(x)+...+ ip" (%), (9
and let
M, = Ap(x)+ Bp'(x)+ Cp"(x) +...+ Hp" (x) . (40)

Using equation (31) and requiring strict boundary conditions (32) (in addition to the
Noether boundary condition (29)) we will get the Noether conservation law (34).

For the case L = L(xi,u,u,)tklis equation will take a form

: ,{ aL oL oL
D Ad-aZ i pl B- b 4 p " H-n = |2 0. D
'J‘J‘ . p( aau’]+p( au’)-'_ +p [ au'J:i
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Integrating (41) by parts and choosing p(x), p’(x)... vanishing on the boundary, we
will obtain the following conservation law:

D, [[p(x)dsdyR, =0 “2)

with a conserved density

R={4-a2L | _p|B-pL |t vy )| H-nL]| @3
ou ou

ou,

1 !

Thus, an infinite symmetry group with an arbitrary function of a spatial variable
leads to just one conservation law (43).

5 Equation of nonstationary transonic gas

As an example of the system with one~-dimensional infinite symmetry algebra, let us
consider the equation of nonstationary transonic gas {7]
2u, +uu, -u,=0 (44)
with Lagrangian
u’® u ?
L=-yuy -2+
6 2
Lie point symmetry group for the equation (44) was studied in [8]. Infinite set of
conservation laws for this equation was given in [5]. We will consider an infinite

subgroup of the symmetry group with an arbitrary function ¥ (f):

(45)

0 3. 0
X=vy(OH)—+2y'Ox+2y"@ —_—, 46
7()ax 2y'®) 7()y)au (46)

or in canonical form
0 o 0
X, =a—+(Dia)———+Z(DiDja) 4o
Ou 5”; isj auij 47
a=2y'x+2y"y* —yu,.

Symmetry @ is a divergence transformation, X ,L = DM, with

M, = —yL-2xuy"-2y*uy'", M, =4yuy", M, =-2uy'. (48)
Demanding Noether boundary conditions (29), and strict boundary conditions (33):
2
a(u, +u, /2)X3D 0 au, yzu 0 (49)

we will get the following cases:
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1) y(t) is arbitrary.
uu, - 0, xu—-)Oyu—)O xu,,xu —)0 yu —)0 (50)

x, 3D x-3D y—3D x50,

In this case no nontrivial local conservation laws are assocnated thh the Noether
transformation (47).

2) ¥')=0, y@)=c=const.,, u, = 0

x;—>3D
According to (36) we will get the following conservation law:
_”u,zdxdy = const. GbH

As we can see strict boundary conditions (50) determined nontrivial conservation
laws.

6 Condusion

We have shown that infinite symmetries with arbitrary functions of one of
independent variables do not lead to an infinite number of conservation laws.
Noether and strict boundary conditions determine the existence of associated
nontrivial conservation laws.
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‘We show how general ideas of Louis Michel on the application of topology, group
theory, and commutative algebra in the qualitative analysis of symmetric dynam-
ical systems can be concretized for finite-dimensional Hamiltonian dynamical sys-
tems with symmetries, notably atoms and molecules. This talk is a contribution
to the special session in the memory of Louis Michel.

1 Introduction

In his work Louis Michel was always determined to extract as much informa-
tion as possible from the symmetry and topology of the physical systems he
studied; he used to call his approach as a program of Symmetry and Topol-
ogy. His collaboration with Boris Zhilinskii on the application of this general
program to atomic and molecular systems resulted in a development of the
method of qualitative analysis, a set of concrete mathematical tools, based on
group theory, basic topology, Morse theory, commutative algebra, and invari-
ant theory. We show on a number of concrete examples of real molecular and
atomic systems, which represent the class of finite dimensional Hamiltonian
dynamical systems with symmetries, how this method is implemented. A gen-
eral review of the qualitative analysis can be found in Chapters I-III of []; our
dynamical analysis, in particular the use of invariants for reduction (and sin-
gular reduction) of symmetries was greatly influenced by Richard Cushman.””
We restricted the rest of the bibliography to our papers whose results were
used in the talk; these papers should be looked up for the references to the
related work by other authors.

2 Tools for qualitative and dynamical analysis

We give a brief summary of the stages of the qualitative and dynamical anal-
ysis of atomic and molecular systems.’
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2.1 Classic qualitative approach developed by Michel and Zhilinsksi

We formulate the problem and study the symmetry group G of our system,
typically a finite group which includes geometric and time-reversal operations.
In certain cases we consider (construct) a classical analogue of a given quan-
tum system. Otherwise, when the classical initial system is known e priort,
we propose the dynamical symmetry, typically an approximate continuous Sy
symmetry, and the way to reduce this classical system. If the strict symme-
try of the system G has continuous elements, we consider reduction of such
symmetries as well. In all cases we end up studying a reduced classical Hamil-
tonian system defined, normally, over a compact reduced phase space P. We
further study the topology of P, in particular we look for the Betty numbers
of P.

We describe the action of the initial symmetry group G on the reduced
phase space P. We use polynomial invariants of the dynamical symmetry as
coordinates on P. We further symmetrize these invariants with respect to G
and use them to describe the action of G on P. We construct the orbit space
O of this action and consider the stratification of P. We find fixed points
(critical orbits) and invariant subspaces of the group action.

We further study the commutative algebra of our invariants and the struc-
ture of the ring of all polynomial invariants. We find the integrity basis, which
is a more sophisticated variety of the Grébner basis and which allows to rep-
resent unambiguously any polynomial in this ring and therefore any analytic
function on P in terms of invariants. Explicit construction of the integrity ba-
sis is greatly facilitated by the Molien generating function which we compute
for the given group action on invariant polynomials.

We assume that our reduced Hamiltonian is in the class of simplest Morse
functions on P. Such functions have the minimum number of stationary points
compatible with topology and symmetry. These points are relative equilibrio
of the system. Points in the critical orbits of the group action are necessarily
stationary, points in the same orbit are equivalent. Further restrictions on the
stability of stationary points are imposed by their local symmetry (stabilizer).
Taking all this into account we place stationary points on the critical orbits
and check if the Morse inequalities and Euler equation for P are satisfied.
Normally this singles out a few possible minimum sets of stationary points;
it may occur, however, that additional stationary points must be placed on
non-critical orbits in order to satisfy Morse theory. These latter points are
also relative equilibria but their exact position on P depends on the concrete
Hamiltonian.

We construct parametric families of simplest polynomial Morse Hamil-
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tonians H from the integrity basis invariants. Such Hamiltonians are of the
lowest degree which is sufficient to represent correctly the simplest G-invariant
Morse function on P; they typically have a small number of parameters. We
study H as a function on the orbit space (0. We classify constant level sets
{#H = h} of different H on O. Geometrically we look for intersections of the
surface H = const and the orbifold O, both defined in invariant polynomial
coordinates®. Relative equilibria (stationary points) of different kinds corre-
spond to exceptional sections {# = h} N O We find the energies of relative
equilibria, i.e., the values h of # at such sections. Qur qualitative analysis
reaches its destination: each H is represented entirely by the family of its level
sets on 0. We also consider bifurcations which lead to qualitatively different
families of constant, level sets and which occur when parameters of # are made
to vary.

We transfer our results to quantum mechanics. We use energies of relative
equilibria to define energy limits for the muitiplets of quantum states. We
predict localization patterns near stable relative equilibria, and corresponding
regular sequences of levels. Finally we study quantum analogues of .

2.2 Analytical and dynamical analysis

The two important complements to the general scheme of Michel and Zhilinski{
are based on the normalization (analytical aspect) and the Poisson structure
of the reduced system (dynamical aspect). We normalize the initial classical
Hamiltonian H explicitly in order to reduce the dynamical symmetry, the
truncated normal form H,¢ is expressed in terms of dynamical invariants
using integrity basis. The invariant which represents the approximate dy-
namical integral of motion is replaced by its value and becomes a parameter.
This makes H,, s a reduced Hamiltonian Heq on the reduced phase space P.
We can also consider H,eq4 as a function on the orbit space O.

We study relative equilibria of Hyeq analytically, in particular we verify
whether Hieq is of the simplest Morse type. We consider Heq as a paramet-
ric family and look for bifurcations of relative equilibria, or, more generally,
of constant level sets of Hrd on (0. We reconstruct relative equilibria as
periodic orbits of the original classical mechanical system. Furthermore, we
reconstruct the entire geometry of (the integrable approximation to) the orig-
inal system, i.e., we reconstruct all dynamically invariant subspaces of this
system (invariant KAM tori) and describe how these subspaces fit together
and foliate the constant energy level set of the initial phase space. We now
can do full EBK quantization.

%This method of sections is also widely used by R. Cushman.
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We equip the commutative algebra of the generators of the ring of in-
variant polynomials with a Poisson structure by appropriately restricting the
Poisson brackets of generators. The latter become dynamical variables of the
reduced system and we write Euler-Poisson equations of motion on the re-
duced phase space P. Though not general, this simple method works in all
cases we discuss. We can further restrict these equations to invariant sub-
spaces of P.

3 Hénon-Heiles system: an illustration

We follow the scheme of the qualitative analysis on the example of the well
known model system, the three-fold symmetric perturbation of the 1:1 har-
monic oscillator. The initial Hénon-Heiles Hamiltonian

1 1 1
H=Hy+ eV(q) = 5@2 +p2) + 5((1,, + qy) +e€ <3 - Qz(IS) (1)

is a function on R4 with standard symplectic structure g. A pz + gy A py. The
spatial symmetry group of (1) is a dihedral group Dj, the full symmetry group
is D3 x T where 7 is a Z; symmetry of the kind (g, p) — (g, —p) often called
time reversal or momentum reversal.

\_, 8
S_7 ‘I \l i
Q’ " i
A — P TTEEITEETSY IS
coordinate x
Figure 1. Hénon-Heiles potential V{g) calculated for ¢ = 0.1 and E/E.q41e =

0.2,0.45,0.7,0.9,1,1.2, ... (left); Relative equilibria (nonlinear normal modes) of the Hénon-
Heiles system reconstructed from the ¢® normal form at the energy E/Es,aa1e = 0.9 (right).

3.1 Dynamical symmetry, invariants, reduced phase space

The dynamical S1 symmetry is generated by the flow of the unperturbed 1:1
oscillator. Using variables z = g+ip we can write the four quadratic invariants
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of this symmetry as follows

1 Jy 1 2eZy + 2yZy
Hy=2J= '2'(2323 + nyy), J=1J | = 1 1292y ~ z'zyE,, . (2)
J3 Zpky — ZyZy

The Poisson algebra generated by the components of the 3-vector J is the
standard so(3) with bracket {J,,Js} = €apcJ. and Casimir J = |J} (or Hp).
For each constant value of the dynamical integral J we construct the reduced
phase space P’ as a 2-sphere S§ embedded in the ambient space Rz with
coordinates (J, J2, J3). The defining equation of P7 is, of course,

J? = J2 + J} + J2 = const, 3)

which is also the only algebraic relation between {J;, Jo, J3).

3.2  Group action, critical orbits, and stationary points

The action of the symmetry group D3 x T on Sy is equivalent to the action of
the point group Dsp, of transformations of the R3 space® which acts naturally
on Sy C Ry. Since J, is invariant with respect to any rotation of the initial co-
ordinates (x,¥), it is convenient to choose J; along the vertical axis. Then time
reversal 7 acts as the horizontal reflection plane (Ji, J2, J3s) = (Ji, —=Jo, J3).
The action of D3 x 7 has 8 fixed points which form three critical orbits char-
acterized in table 1.

Table 1. Critical orbits of the D3 x T ~ D3 action on the reduced phase space Sg of the
Hénon-Heiles system. The C3 A 7z subgroup of Dz x T is generated by C3 and T2 = C20T;
the groups C3 A 72, D3, and C3, are isomorphic as abstract groups. “Historic” labels Iy
of the were introduced for the nonlinear normal modes by Montaldi, Roberts and Stewart
and used later in [?]. Note that (J1, J2, Js) = J(sin 8 sin ¢, cos §,sin § cos ¢).

orbit  stabilizer £/J2 u/J? @ @

Iz 8 Cs AT, 0 1 0 -
Mise CoxT —1/2 0 x/2 0, £2n/3
Mia2s  O5xT 1/2 0 x/2 w Ew/3

The simplest Dg), invariant Morse function #H on 52 has eight stationary
points which are situated on the critical orbits described in table 1. These

bWe use Schonflis notation for point groups, see M. Hamermesh, Group theory and its
application to physical problems (Addison-Wesley, Reading, 1964).
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points should satisfy the Euler relation for the sphere S,
¢ —0 +ca=2

where cg, ¢1, and ¢z are the numbers of maxima, saddle points, and minima.
Furthermore, since the two equivalent Il ¢ points on S3 have the stabilizer Cs,
the three-fold rotation symmetry, these points should be elliptic (stable). Of
the two three-point orbits with stabilizers C2 and C%, one should accommodate
elliptic points and the other—hyperbolic (unstable). One possible simplest
Morse function is drawn in fig. 2, left. It has two equivalent maxima at Il7 s,
three equivalent minima at Il 3 3 and three equivalent saddle points at Il4 5 6.
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Figure 2. Relative equilibria of the Hénon-Heiles system as stationary points of the reduced
Hamiltonian HY ; on the reduced phase space S§. On the left we show HY ; as a function

on S§. The shaded area on the right and central panel represents the orbit space (orbifold)
O of the D3 x T action on Sz; straight lines in the right panel are constant level sets of the
simplest Dg x T-invariant Morse Hamiltonian ¥ = u + €£.

3.3 Integrity basis

The generating function for the polynomials in four initial phase space vari-
ables (2, 2y, Zz, Zy) invariant with respect to the S; symmetry of the harmonic
oscillator

g(N) = (1+2%)/(1 - X*)?, (4)

where the formal variable A represents any (z, ), is computed directly from
the Molien theorem.!! The ring R of invariant polynomials generated by
(J1,J2, J3) is not free because of the algebraic relation (3). We can decom-
pose this ring as P(J, J1, J2) - {1, J3} meaning that any member in R can be
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expressed using terms J*J?J§ and JeJPJ§J3 with (a,b,c) arbitrary nonzero
integers. For instance, any power of J3 can be represented this way using (3).
The structure of R is confirmed by the Molien function (4) which tells that
there are three principal or denominator invariants in P and one nontrivial
auziliary or numerator invariant in {}, all of degree 2 in (2,%). This kind of
information is invaluable in higher dimensional situations.

The group D3 X T acts on (J3,J1,J2) in the same way as Dgsp acts on
(z,y,2), the polynomials (Js, J1, J2) span the E @ A, representation of this
group. The Molien generating function for D3 x 7T invariant polynomials in
(J 1, J; 2y J: 3)

1
(1-2)(1-2)

can be obtained straightforwardly from the action of the finite group D3 x T
on (J1,Ja, J3). We conclude that the ring of aill polynomial invariants of the
combined action of D3 X T and oscillator symmetry S, is freely generated by
{n, n, ) where n = 2J is the main oscillator invariant [see (2)] and g and £
are polynomials in (Jy, Ja, J3) of degree 2 and 3 respectively. The generators
can be chosen explicitly as follows

g(E@Az —)Al;)\) =

1
n=2J, p=Ji, &=5J@J-J) (5)

In simple terms this means that the normalized Hénon-Heiles Hamiltonian
is a function Hy,¢.(n,u,£) with n later relegated as a parameter. To our
knowledge, this result of the application of elementary invariant theory has
been not appreciated by the numerous studies of the Hénon-Heiles system.

3.4 Orbit space of the D3 X T action on Sy

As shown in fig. 2, right, the orbit space O of the D3 x T action on Sz can
be defined as an algebraic variety in the 2-plane with coordinates (i, )
[ 2 If I
<= <11t 11.

0 77 < 2 te 0,1}
Knowing the Ds; action on S; (fig. 2, centre) we can see that O is the image
of the triangular petal on S; cut out by three symmetry planes, two vertical
planes intersecting at the angle /3 and the horizontal plane. Those who
prefer using algebra will consider

o, €, J)

det | 26 0) 1 _ o
© [8(J1,J3,J3)] 6J,2(3J3 — J7) =0
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and observe that the borders and singular points of O (one- and zero-
dimensional strata on S3) correspond to simple and double zeroes of this
Jacobian.

3.5 Simplest polynomial Morse Hamiltonian

Since the invariant g has high axial symmetry 57, the simplest polynomial
Hamiltonian # should include the higher degree term £ in order to have
correct symmetry D3 x T. Generally, at least when J is low, we expect the
contribution by £ which has higher degree in (Jy, J2, J3) to be less important
than that of u. The function H = ap + b€ with a > b is illustrated in fig. 2,
left. This function is of the simplest Morse type. The family of constant
level sets of H on the orbifold O has three exceptional (critical) levels which
pass at IT; o 3, Il4 56, and II7 g (see fig. 2). The extremal levels correspond
necessarily to stable relative equilibria, the critical level at the intermediate
energy H, ¢, contains unstable relative equilibria and their stable/unstable
manifold (separatrix). Stability of the stationary points I of H is given by
the frequency w of small oscillations about them, i.e, by the coefficient in the
linearization of H near II. Frequencies wn, , and w, , ; are defined primarily
by p and £ contributions respectively. If H = pu + €€, ¢ € 1, and »n is small,
then wm, s 3> w55, 1-€., the Il g maximum is much “deeper” than II; 53,
of. fig. 2.

3.6 Qualitative reconstruction of relative equilibria

Stationary points of H are relative equilibria of the system. They correspond
to special periodic orbits of the system (see fig. 1, right), which we also call
nonlinear normal modes (nnm). Stability and symmetry properties of these
periodic orbits is defined by stability w and local symmetry (stabilizer) of
relative equilibria. The two elliptic nnm’s Iy g are not 7-invariant and form
loops in the configuration plane with coordinates (z,y). These nnm’s share
the same D3 symmetric image in this plane and they run in opposite directions
so that the time reversal 7 sends II; + IIg. Periodic orbits with stabilizer
C2 x T or Cy x T are T-invariant and their (z,y) image is a line with ends
connecting to the border of the allowed coordinate domain (where kinetic
energy is zero) at a right angle. Since the (z,y) image is also Cs-invariant,
three such nnm’s lie on the C, axes, and three others cross these axes at
a right angle. We should mention that the above qualitative description of
relative equilibria was first obtained on the basis of a different approach by
Montaldi, Roberts, and Stewart in 1988.



199

Qualitative reconstruction of invariant manifolds of (the integrable ap-
proximation to) the Hénon-Heiles system starts with the level sets {H = h}NO
{fig. 2) which should be first brought up to the reduce phase space S. This
can be quickly done using a bit of geometric intuition. Regular sets I' with
energies Hm,,, < hr < Hp,, map to two equivalent circular periodic or-
bits on S; (one goes around IIg and another—around Il;), while sets I’ with
energies Hn, , , < hr+ < Hm,,, become three equivalent periodic orbits on
S2 (each going around one of the points II; 2 3). To understand how these
circular orbits fit together on S, imagine sections of the surface in fig. 2 by
spheres of different radii h. (Pictures of this kind should be familiar to the
fans of the Hénon-Heiles system or of the so-called rotational energy surfaces.)
Going all the way to the initial phase space R, is easy once we remember that
each point on the reduced phase space S lifts to a circle in R4. Therefore, T’
and I" lift to two and three equivalent regular 2-tori respectively.

3.7 Qualitative structure of quantum energy level spectrum

Quantized 2-oscillator integral n in (5) should equal N + 1 where 1 = % + % is
the Maslov correction for each oscillator degree of freedom and V takes integer
values 0, 1, etc. Quantum number J equals N/2, the classical amplitude
j= %n satisfies quantum formula /J(J + 1) in the classical limit of J > 1
where J(J + 1) & (J + 1)2. The multiplet of quantum eigenstates with given
N is called polyad and N is the polyad quantum number. Since our reduced
phase space S is compact, the number of states in each polyad is finite; for
S¥ this number equals N + 1 = 2J + 1. Quantum spectrum of the N-polyad
is bracketed by the absolute maximum and minimum energy of the reduced
Hamiltonian H,eq at fixed n. These extremal energies correspond, of course, to
certain stable relative equilibria (RE); in the case of the simplest Hamiltonian
H they are Hr, , and Hp, , 5.

Quantum wavefunctions localize near (sufficiently) stable RE. Localized
wavefunctions exhibit characteristic one-dimensional nodal patterns along the
corresponding periodic orbits in fig. 1, right. The number of nodes equals
N. Near the energy of k equivalent RE we expect to find a quasidegenerate
group of k levels split by tunneling. In the case of the simplest D3 x T
invariant Hamiltonian # we should find doublets and triplets that form
quasi-equidistant one-dimensional oscillator sequences beginning at H, ; and
Hm, . s respectively. The initial spacing between the neighbors in these se-
quences is defined by the stabilities wm, s and wmn, , 5. The energy Hm, 4,
of the unstable RE separates the two sequences. Since we argued that
Wh, s 3> W, .5, We should expect the doublets to occupy a larger energy
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domain and to be more numerous and better pronounced (when J is low).

3.8 Analysis based on the normal form

We normalize (1) using the standard Lie transformation method. To order e*
(second order transformation) the normal form of (1) is®

5 7 67 7 56
Hyt=n—e|=n’—zp) - |-=nd+ n——&}+... 6
n.f. 12" " 3# " Taghn T gt » ©
coefficients in the higher orders are listed below.
order 1 pn~2 &n—3  p’nt uén~S
Ond 42220 __ 78447 2003 115171
185520 8480 135 1944
Sn5  _ 15624833 11656720 353843 2217943 6701639
18662400 2332800 8100 233280 4050

The energies of relative equilibria are the values of this H, ¢ at the corre-
sponding values of (u, £) in table 1,

1 11 1171 217567

He = 1y 143 St B85
Tee =M+ G — €N+ 3135° 145800° (72)

L B5aa 235, 38585, , 2663129,
Hitos =0 = 560 — 35€™ ~ 37704 " ~ 746496 © (7b)
5 101 108467 35328559

H _ 222 in3 St -

Mess =R =€ + 3356 + 1m2on€ ™ + Taggoanoc (19

Each relative equilibrium is a periodic orbit in the initial phase space Rjy.
It becomes an orbit of the dynamical §; symmetry in the transformed phase
space R, after normalization Ry — R4. The integral n is the action integral
along this orbit,

n(h) = 5= § (edac + pyday), ®)

taken at fixed energy H = h. I we inverse the formal series (7) we obtain,
therefore, the value of action (8) in the original space R4 as a function of
energy h for each nonlinear normal mode (each RE). The period of the orbits
is then found as T = 2w (dn/dh). Results are compared in fig. 3 with data
obtained by numerical integration.

We can reconstruct explicitly all dynamically invariant subspaces of (the
integrable approximation to) the Hénon-Heiles system. To this end we lift
points on the base space S5 back to the total space R4 and then use the

¢Note, that we may differ from other authors in the choice of J, or of its particular compo-
nents. Thus Churchill and Rod obtain the same normal form (6) in terms of the components
of W = 4J. They do not use D3 x 7—invariant polynomials g« and £.
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Figure 3. Action n{E) and period T(E) of relative equilibria (right). Solid and dashed lines
show normal form approximations of order £® and £4, circles represent exact numerical data.

formal Lie series for the inverse transformation B4 — R4. From the geometric
point of view, we reconstruct analytically the Hopf fibration?! with the base
Sy, fiber ), and total space Sz, which is the constant energy level set in R,.
In the simplest case of a relative equilibrium, we take just one point in Sy .
Resulting periodic orbits in R4 projected on the configuration plane (z,y) are
shown in fig. 1. Even at high energies h they compare quite favorably to the
orbits of the original non-integrable system provided that the H,, ¢, is taken to
a sufficiently high order. In the general situation, we first use Euler equations
of motion {H7; (J1,Ja2,Js), Jx} in order to reconstruct the dynamics of the
reduced system.

2.9 Quantized normal form

We can construct a quantum analogue of H, ¢ in (6) if we re-express H, ¢
as function of {Ji, Js, J3) using (5) and then replace (J1, Ja, J3) for quantum
angular momentum operators. We can also return to the initial coordinates
(2,2) and then replace them with creation-annihilation oscillator operators®
(v2a,+/2a™). In both cases purists will accuse us of ambiguity because quan-
tum elementary operators (J1,J2,J3) or (a,a™) do not commute and their
correct ordering is lost in the process of normalization. Indeed, a true quan-
tum analogue should be constructed using a parallel quantum normalization

4This is called the Schwinger representation of the angular momentum system.
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Figure 4. Energies of relative equilibria (solid and dashed lines) and quantum energy levels
{bars) of the Hénon-Heiles system with ¢ = 0.1 obtained using order ¢® normal form H, ¢,
as functions of the polyad quantum number N, here the classical action n equals N + 1.

procedure known as contact or Van Vleck transformation. The general re-
sponse is that our quantum Hp, ¢, should work well in the classical limit where
n is large and € is small. In such limit, commutator corrections to the given
principal order which come from higher orders of Hy ¢. can be comfortably ne-
glected. This does not, of course, exhaust all areas of interest, but is sufficient
for the illustration of our qualitative predictions.

Figure 4 shows the spectrum of H, ¢ in the form of quantum-classical
energy-momentum diagram. The bars which show quantum levels give posi-
tions of classical EBK 2-tori amended by tunneling. With this correction in
mind, we can associate this figure with the image of the energy-momentum
map in the usual sense of Cushman.”! The larger upper part of this spectrum
is occupied by doublets. The N = 12 polyad has three such doublets but their
splitting is much too small to be reproduced in the figure. In addition, the
states in the doublets realize representations A; ® As or E of the D3 group and
in the latter case they are strictly degenerated due to symmetry. At bottom
energies of large-N polyads in fig. 4 lies a triplet level. Quantum states in
these triplets realize the representation A & F, so all we can see is a doublet
which is split considerably due to the low barrier energy Hr, 5 o — Hr1, , ;- We
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conclude that our qualitative predictions are indisputably correct.

4 Real atomic and molecular systems

Our atomic examples use hydrogen atom perturbed by different configurations
of external electric and magnetic fields. It can be easily generalized to other
perturbed Kepler systems. Qur analysis of the quadratic Zeeman effect serves
to establish the relation of our approach and terminology to the numerous
previous work by other authors which goes back to the pioneering study of
Solov’iev in 1981. Our major contribution to the study of the parallel field
system is the analysis of the so-called crossover (or collapse) phenomenon®
which can be done in the elegant style of Michel and Zhilinskii based al-
most entirely on the invariant theory and the orbit space analysis of simplest
Hamiltonians. Our collaboration with Richard Cushman? on the hydrogen
atom in crossed fields® resulted in uncovering menodromy of one of the most
fundamental physical systems, in fact one of the few quantum systems where
monodromy can be observed and studied experimentally.

We also consider molecular vibration and rotation-vibration systems
The H} molecular ion® has the equilibrium configuration of an equilateral
triangle. Near this equilibrium, it has three internal vibrational degrees of
freedom, the “breathing” nondegenerate mode r; and the doubly-degenerated
“bending” mode v;. These modes transform according to the irreducible
representations 4; and E of the Cs, symmetry group of the molecule. The
E-mode system at low energies is similar to the Hénon-Heiles oscillator; it
has the same 8 relative equilibria. Quantum states localized near some of
these modes are found in [2]. Tetrahedral molecules A4 and AB4 have a rich
system of rotational and rotational-vibrational relative equilibria. We analyze
them in detail and study the relation of the energy of relative equilibria and
corresponding structure of quantum rotation-vibration energy levels to the
parameters of the molecular potential.?-10:11

1,3,4

5 Concluding remarks

Our purpose was to demonstrate the influence of Louis Michel at all levels of
our approach to the analysis of atomic and molecular systems. We tried to
convey the taste of the intricate combination of ideas, methods, and tools, all
cemented by the strong belief in the possibility and necessity to achieve an
elegant and simple understanding of concrete physical problems on the basis
of symmetry and topology. We shall remember Louis Michel for his great
physical intuition, wide and solid mathematical background, and his courage
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to apply constructively the most modern mathematical theories. We hope
that our work can serve as a model for further cooperation of contemporary
physics and mathematics. The work continues both in the development of
theory and methods and in applications to more complex systems. These
new developments could only be mentioned in the talk. In particular we
should pay attention to the effort of understanding quantum and classical
monodromy in real systems which are only approximately integrable, and in
systems with more than two degrees of freedom. We should also continue to
uncover the relation between monodromy and topological quantum numbers
in mixed quantum-classical systems.3
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This paper reviews higher order resonance in two degrees of freedom Hamilto-
nian systems. We consider a positive semi-definite Hamiltonian around the origin.
Using normal form theory, we give an estimate of the size of the domain where
interesting dynamics takes place, which is an improvement of the one previously
known. Using a geometric numerical integration approach, we investigate this in
the elastic pendulum to find additional evidence that our estimate is sharp. In an
extreme case of higher order resonance, we show that phase interaction between
the degrees of freedom occurs on a short time-scale, although there is no energy
interchange.

1 Introduction

Studies on two degrees of freedom Hamiltonian system has a long history:
dating back to Euler in 1772 with his description of three body problem.
The presence of resonance in a Hamiltonian system of differential equations,
strongly affects the dynamics. In this paper, we give a review of studies
on higher order resonance in two degrees of freedom Hamiltonian system. An
early discussion of this problem, using formal methods, is given by Kevorkian®.

The analysis in this paper involves asymptotic analysis (perturbation
method) and normalization. Using these techniques, we construct an approxi-
mation to the original system and then study the dynamics of the approximate
system. We also use a numerical method to gain confirmation of our analytical
result. The numerical method that we used is based heavily on a geometrical
approach to preserve some of the geometric structure of the system.

We start this paper with a mathematical setting of two degrees of freedom
Hamiltonian system in R?. We also give a brief idea of the normalization
in this section. For introduction to Hamiltonian system, see Abraham and
Marsden® or Arnol’d?, for normalization see Churchil et.al.?. In Section 3 we
study the resonance domain, which is the main focus of interest in higher order
resonance. Using normal form, we show that we can improve the estimate of

*On leave from Jurusan Matematika, FMIPA, Institut Teknologi Bandung, Ganesha no.
10, Bandung, Indonesia
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the size of this domain. We check this statement also numerically and it
is presented in Section 4. The last section, we present part of an on going
research on an extreme type of higher order resonance.

2 Two degrees of freedom Hamiltonian systems at higher
order resonance

Consider a two degrees of freedom Hamiltonian system, defined in R* with
coordinate (g, P} = (41, g2, P1, p2) and a symplectic form dgAadp = dg1 Adpr +
dga A dpa, with Hamiltonian

1 1
H= —2-!.01('112 +m?) + §W2(4122 +p22) + Halq,p) + Halg,p)+ ..., (1)

where Hj is a homogeneous polynomial of degree k and wy,ws > 0. Let ¢
be a small parameter (¢ < 1). We localize in the neighborhood of the origin
by rescaling the variables by ¢1 = €¥1, ¢2 = €2, p1 = €P1, and ps = &€p3.
Dividing the Hamiltonian (1) by &2, we arrive at the Hamiltonian

1 1
H =i + p1?) + Swalea® +p2°) + eHa(q,p) + €' Hag,P) + -, (2)

where we have dropped the bar.

The idea of Birkhoff normalization is to transform the Hamiltonian
such that it depend only on the so-called action variables. In general, this
is only possible in the non-resonance situation. We proceed by bringing
the Hamiltonian (2) to the Birkhoff-Gustavson normal form. Consider the
resonance relation: nw; + mws = 0. Let (n,m) integer solution of the
resonance relation such that |n|+ |m| = r while m and n are relatively prime.
Introducing the action variables 7; = (g;% + p;2)/2 and the angle variables
@; = arctan(p;/q;), j = 1,2, the Hamiltonian (2) is transformed to the
normal form of the form

H= wimt + WiTy + P(Tl) T2, E) + €m+n-2R‘(T11 2,91, 302)1 (3)

where P is a polynomial of degree fr/2]. Moreover, the function R depend
only on the resonance combination angle: ng; +mpa (instead of an individual
angle).

3 The resonance domain

In this paper we are interested on the higher order resonance cases: r > 5.
For the lower order resonance (r = 3 and r = 4), see for instance Nayfeh
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and Mook”, or van der Burgh!®. Sanders® is one of the first who described
the dynamics of (2) at high order resonance. He found that the phase-space
is foliated by invariant tori parameterized by taking the actions m and n
to be constant. Using the KAM theorem, most of these tor1 persist under a
Hamiltonian perturbation. There exists also the so-called resonant manifold.
A neighborhood of this manifold, called the resonance domazin, is the location
where interesting dynamics 1s found. At each energy level, the normal form
produces at least one elliptic periodic solution and one saddle type periodic
solution; they lie in the resonance manifold which is embedded in the energy
manifold.

Writing ¢ = np; +meps as the resonance combination angle, the equations
of motion derived from the normal form (3) is

¢ =n$2 + m§E 1+0(),

where we have re-scaled time by ¢?t, and P. is the quadratic part of P.
Consider a system of two linear equation

{mrl +nrn =F, 5)
HP. 8P
non t M =0,

for some E, € R*. Note that the first equation in (5) represents nothing but
the approximate energy manifold Hs = F,. If

m n
A= pp, o2p [# 0,
8712 8122

then the location of the resonance domain can be approximated by the solution
of (5). Moreover, transfer of energy (or interaction) between the degrees of
freedom occurs in the neighborhood of that solution. Sanders® also gave an
estimate for the size, d;, of the resonance domain, which is of O(E‘(m+""4)/ 8,
and the time-scale of interaction is e~ (™+7)/2,

In van den Broek®, numerical evidence has been given that the size is
actually smaller than the above estimation, so there is room for improvement
of the estimate of d.. In Tuwankotta and Verhulst'?, we use a geometric
approach to give an estimate for d.. The idea is to use the normal form
theory to construct an approximation of Poincaré section of the flow of (2).
Suppose we construct the section in the ¢;-py-direction. Each of the periodic
solutions (inside the resonance domain) mentioned above will appear as an
n-periodic point of the map. Obviously, there will be 2n of such points in
the section (since we have two periodic orbits). The saddle type point will be
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Figure 1. An illustration of calculation of the estimate for the d..

connected to its neighboring saddle point with a heteroclinic cycle. We draw a
line connecting the origin and one of the elliptic points. This line will intersect
the heteroclinic cycle. The estimate for d; in Tuwankotta and Verhulst!? is
achieved by estimating the distance between the two intersection points. We
summarize in the following lemma.

Lemma 3.1 In two degrees of freedom Hamiltonian systems at higher order
resonance m : n with m and n natural numbers satisfying m+n > 5, the stze
d. of the resonance domain is

de = O(s™5), (6)
with a time-scale of interaction O~ (m+n)/2),

The presence of an appropriate discrete symmetry completely changes the
hierarchy of resonances in the system. As demonstrated in Tuwankotta and
Verhulst!?, the 1 : 2-resonance for instance, has to be viewed as a 2 : 4-
resonance in the presence of mirror symmetry in the second degree of freedom.
As a consequence, it becomes a higher order resonance and thus the lemma
above holds. The number of periodic solutions in the resonance mamifold
embedded in the energy manifold is then doubled.

4 Geometric Integration based on a splitting method

As mentioned previously, the first indication that the estimate of d. can be
improved, is found numerically. The next thing for us to do is then to check the
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estimate (6) numerically. For this purpose, we choose the Elastic Pendulum,
which is a classical mechanical problem with discrete symmetry. This system
serves as a model of a lot of applications, see the references in Tuwankotta
and Verhulst!2.

The elastic pendulum is a mathematical pendulum in which the rod is
replaced by a linear spring. The Hamiltonian of the elastic pendulum is

2
H=3s (p,,2 + '('zg_':—fyg) + %—2 (z+ ’—:l—'i)2 — mgl(z + Ljcos(p), (7)
where @ is the deviation from the vertical position, z is the radial oscillations,
s is the spring constant, m is the mass of the pendulum, and  is the after
load length of the pendulum. See Nayfeh? van der Burgh'® Tuwankotta and
Verhulst!? Tuwankotta and Quispel'! for details.

Due to the size of the domain which is relatively small, and the time-
scale of interaction which is relatively long, it is not easy to get the numerical
confirmation of the estimate (6). We need a method of time integration that
is accurate enough after relatively long integration time as well as being fast
in the real time computation.

By mean of an example, Tuwankotta and Quispel !! demonstrated how
the Baker-Campbell-Hausdorf (BCH) formula can be used to construct an
approximation of the flow of (7). The idea is to split the Hamiltonian (7)
into parts which are individually integrable. By composing the exact flow
of each part, and using the BCH formula, the numerical integration scheme
is then constructed. Using this method, an independent confirmation that
our estimate is sharp, is achieved. See Tuwankotta and Quispel!! for details,
Table 1 for numerical result and also Figure (2).

Resonance | Resonant | Analytic | Numerical | Error
part log, (d¢) | log,(d¢)

4:1 Hyg 1/2 0.5091568 | 0.01

6:1 Hy; 3/2 1.5079998 | 0.05

4:3 Hy; 3/2 1.4478968 | 0.09

3:1 Hg 2 2.0898136 | 0.35

Table 1. Comparison between the analytic estimate and the numerical computation of the
size of the resonance domain of four of the most prominent higher order resonances of the
elastic pendulum. The second column of this table indicates the part of the expanded
Hamiltonian in which the lowest order resonant terms are found.

Apart from this confirmation, we note that this splitting method preserves
gsome geometric properties of the system such as, linear symmetry, time-
reversal symmetry, the symplectic form and also the linear resonance.
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Figure 2. Plots of log(d.) against log(s) for various resonances. The 4 : l-resonance is
plotted using '—o’, the 3 : 1-resonance is using '—4’, the 4 : 3-resonance is using '— X’ and
the 6 : 1 resonance is using "—*’.

5 Systems with widely separated frequencies

Studies on coupled oscillator systems have a long history. They serve as
models in many applications, such as vibrating mechanical structures. Most
of the concern in these studies is to see how energy interchanges between
the oscillators. In this frame work, our preceding sections suggest that in
the higher order resonance case, the energy exchanged between the oscillators
is small. This is in agreement with the traditional knowledge in this field.
However, in 1990, a lot of studies (see Haller®) have been devoted to an
extreme type of higher order resonance, i.e. systems with widely separated
frequencies.

In the Hamiltonian case, Broer et.al.3 gave a description of the unfolding
of the origin of this type of system. Using normal form and singularity theory,
they found that the codimension of the origin is 1 for the non semi-simple
case and 3 for the semi-simple case. As a supplement to this study, we study
also the dynamics in time of the semi-simple type of this system and some
degeneracies due to symmetry (see Tuwankotta and Verhulst!3).

The Hamiltonian that we consider is

1 1
H= o0’ +p%) + 5e(@ + pa%) + Hala) + Hal) + - (8)

We re-scale the variables in the usual way to arrive at the perturbative Hamil-
tonian. The unperturbed Hamiltonianis J, = 1(q12+p12). We then normalize
(8) with respect to the S*-action defined by the flow of the Hamiltonian vector



212

D>0 ) D=0 D<o

Figure 3. Phase portrait of the Poincaré section on (g2, p2)-plane for fixed value of I, # 0
and 8 # 0. The geometry of phase-space of the system (9) is achieved by taking the cross
product of them with 5!

field Xy, . The normalized Hamiltonian is

1 1
H=1,+¢ ("2- (422 +P22) —aloqa — §ﬂ'123) 3 9)

where o and 3 are parameters. If # = 0, the system degenerates to a linear
gsystem. Apart from I,, there is one other parameter D = 1 — 4a 31, which is
important for the bifurcation scenario in this system. See Figure (3).

The conclusion of this section is that in Hamiltonian system with widely
separated frequencies, there are no energy interchanges. Nevertheless, the
phase interaction between the oscillators is stronger than the the one we found
in the previous section. For the degenerate case and details in the study on
this type of systems, see Tuwankotta and Verhulst!3.

6 Discussion

We have presented a review on higher order resonance in two degrees of free-
dom Hamiltonian systems. The estimate of the size of the resonance domain
where the interesting dynamics takes place, has been improved. We also
show numerical evidence that our new estimate is sharp. In dealing with
the higher order resonance numerically, the geometric integration provides
relatively cheap computation time in getting accurate results. The study of
Hamiltonian systems with widely separated frequencies will be completed in
the near future.
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For a compact group G a relative equilibrium of a G-invariant Hamiltonian is
orbitally Liapounov stable (G-stable) if the Hessian of an augmented Hamiltonian
at the corresponding critical point is definite when restricted to the symplectic
normal space. This is no longer true in general for proper actions of noncompact
groups, essentially because the orbit space of the coadjoint action of the group need
not be Hausdorff. This paper gives a summary of our results on the stability of
Hamiltonian relative equilibria. It presents a more general stability criterion that
applies to relative equilibria with ‘tame’ angular velocities, and also gives a result
that sharpens G-stability to A-stability, where A is a subset of G that depends
only on the momentum of the relative equilibrium.

1 Introduction

Consider a Hamiltonian system

W = JDy H(w)
on M =R*" where J = (_? d 1(()1 ) and H : M — IR is a smooth Hamiltonian.
Let 0 be an equilibrium of this system, ie JD,H{0) = 0. It is well-known
and easily checked that the linearization L = JDZ H(0) of the Hamiltonian
system at 0 is infinitesimally symplectic, ie satisfies JL = —LTJ. So if A is
an eigenvalue of L then so is —A. As a consequence, a necessary condition for
the equilibrium to be stable is that Rspec(L) = 0. This means that nonlinear
stability of an equilibrium of a Hamiltonian system can not be inferred from
linear information, in contrast to the situation for general non-Hamiltonian
systems. A simple sufficient condition for stability uses the conservation of
energy: H(w(t)) = H(w(0)) for all solutions w(t) of the Hamiltonian system.
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I D2H(0) is definite at 0 then 0 is a minimum or maximum of H and therefore
Liapounov stable.

The aim of this paper, which summarises a longer paper'3, is to generalize
this approach to relative equilibria of Hamiltonian systems with symmetry.

2 Hamiltonian systems with symmetry

Let M be a finite dimensional symplectic manifold, G a Lie group which acts
properly and (for simplicity only) freely on M, and w a G-invariant symplectic
form on M. Let H : M — IR be a G-invariant Hamiltonian, and

& = fu(x) (1)

the Hamiltonian system defined by w,(fr(z),v) = DH(z)v for v € T, M. Let
g denote the Lie algebra of G and g* its dual. By Noether’s Theorem for
each continuous symmetry £ € g locally there is a conserved quantity J(€) of
(1) which is linear in £, so that J maps into g* (see eg Marsden and Ratiu?).
We will assume that J exists globally on M and is equivariant with respect
to the usual coadjoint action of G on g*, given by gu := (Ad;)“l,u where
Ad, : g - g defined by Adyn = gng™! is the adjoint action. We also define
the adjoint action of g on itself by aden = $Adexp(se)Mli=0 = [£,7] and the
dual coadjoint action of g on g* by éu = ~adgy. A momentum value p is
defined to be regular if the coadjoint orbit of every nearby point has the same
dimension as Gu. The set of regular momenta is open and dense in g* and if
u is regular then the coadjoint isotropy algebra g, = {£ € g : adgp = 0} is
Abelian.

3 Relative equilibria and skew product equations

A group orbit Gp is called a relative equilibrium if it is an equilibrium in
the space of group orbits, ie if the solution of (1) with initial value p satisfies
z(t;p) € Gpfor all t € R. It is easily checked that Gp is a relative equilibrium
if and only if there exists &, € g, called the drift velocity of the relative equi-
librium, such that &p = < exp(t&)ple=o = fr(p). Let U be a G-invariant
neighbourhood of Gp in M and let N C T, M be a normal space to the group
orbit gp at p, so that gp& N = T, M. Using Palais slice coordinates'! we can
write every £ € U as z =~ (g,v) where g € G and v € N, see Figure 1. In
these coordinates (1) takes the form

g=gfclv), v=fn(v) @)
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This was proved for general systems by Krupa® and Fiedler et al?>. The first
equation describes the motion along group orbits, and the second equation
the shape dynamics.

z

Gp g

AR

Figure 1. Palais coordinates near Gp

4 Hamiltonian relative equilibria

Examples of Hamiltonian relative equilibria include rotating molecules? and
rotating and translating rigid bodies in fluids®. In the first case the effective
symmetry group is compact since without loss of generality the centre of mass
can be assumed to be fixed, but in the second case the symmetry group is
the noncompact special Euclidean group SE(3) = SO(3)»IR? of rotations and
translations of three space.

Stability results for relative equilibria with regular momenta have been
obtained by Arnold' and Libermann and Marle®, and for relative equilibria
with arbitrary momenta and compact symmetry groups G (or ‘almost com-
pact’ symmetry groups, see below) by Montaldi®, Lerman and Singer® and
Ortega and Ratiu'®. These results do not apply to rigid bodies in fluids with
non-regular momenta. To cover these Leonard and Marsden* presented some
stability results for noncompact groups which are semidirect products of vec-
tor spaces and compact groups. We have improved these results and developed
a stability theory via energy methods for general proper noncompact group
actions. The key ideas are summarized below. Our main tool in this paper
are the bundle equations (3) for Hamiltonian systems that we derived with
Lamb'“. We recall these in the next section.

5 Hamiltonian systems near group orbits

Let g = J(p) be the momentum of p € M, let G, be its isotropy with respect to
the coadjoint group action and g, be its Lie algebra. In this paper we assume
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that p is split, ie there is a G-invariant complement to g, in g, where G}, is
the identity component of G,. The slice N to Gp at p from Section 3 has the
Witt decomposition N = N & N1. The space Np is isomorphic to g;, and can
be identified with an affine subspace of g* through g which is transverse to
Gp at p. The space N; is a slice to G,p in the momentum level set J~*(p).
The symplectic form on T, M restricts to a symplectic form on N;, which we
therefore call the symplectic normal space at p. See eg Roberts et al'* for
further details. Let Jy, denote the skew-symmetric matrix that defines the
symplectic form on N;. We have the following theorem:

Theorem 1 * For Hamiltonian systems and p = J(p) split, the bundle equa-
tions (2) near Gp take the form:

g =gD,h(v,w), ¥=adp phow¥ W =JnNDuh(v,w) 3)

where h(v,w) is the function on the slice No @ N1 obtained by restricting the
Hamiltonian H. If p is reqular then g, is Abelian and so v = 0.

The first equation describes the motion of the body frame, the second equation
the motion of the momenta in body coordinates and the last equation the
shape dynamics. We refer to the (¥, ) equations as the slice equations.

6 Hamiltonian relative equilibria and slice equations

An orbit Gp is a relative equilibrium if and only if p is a critical point of the
Hamiltonian in the comoving frame Hg, (z) = H(z) — J¢, () and if and only
if 0 is an equilibrium of the slice equations on NV = Ng @ N;. For any subset
A C G we say that a relative equihbrium Gp is A-stable if for all o close to p
the trajectory x(t; zq) is close to Ap for all £ € IR. A relative equilibrium Gp
is G-stable if and only if 0 is a stable equilibrium of the slice equations.

We see from Theorem 1 that for y regular v € Ny can be treated as a
parameter and so 0 is a stable equilibrium of the slice equations if it is a stable
equilibrium of the v-parametrised Hamiltonian system w = Jy, Dy, h(v,w) on
N;. This is guaranteed if D2 h(0) is definite, as we saw in Section 1. In this
way we recover the stability results of Arnold® and Libermann and Marle8.

For general u, if all orbits of the -equation lie in spheres around 0 in Ny
then the dynamics on Ny is always stable and energy methods only have to be
used on V; to establish the stability of 0 for the slice equations. This assump-
tion is satisfied if there is a G ,-invariant inner product on gj;. In this situation
definiteness of D2 h(0) again implies stability. Since D h(0) = D*He, (p)|~, 2
we recover the energy-momentum method of Ortega and Ratiu!® and Lerman
and Singer®.
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7 G-stability of Hamiltonian relative equilibria

Now we will show how to obtain G-stability for Hamiltonian relative equilibria
in the case of a general noncompact symmetry group G. From the equation
v = adp v of (3) we see that v(f) € Gy, which just rephrases the state-
ment that the coordinates v are the momenta in the body frame moving with
velocity D, h.

T T Se( 2) *

vy
SE(2)v il
.t

Figure 2. Coadjoint orbits for G = SE(2)

As a motivating example consider the special Euclidean group G = SE(2) =

SO(2) > IR? of the plane and g = 0. Let v = (¥",»*) with v" € s0(3)* the

angular momentum and »* = (v¢,v¢) € (IR?)* the linear momentum. Then

the coadjoint group orbits Gv are either cylinders with axes along the v"-axis,

or points on the v"-axis, see Figure 2. We conclude that the lmear momentum
v%(t) is always bounded.

We have v (t) = v(t)(€8), i = 1,2, where £ is the i-th component of the
translational part €% of the velocity £ = (£7,£%) € so(2) ® IR%.. We call the
infinitesimal translations £ € t, := R? tame because (G,v)(£?) is bounded
for any v € g}, and so v(t) (f“) is bounded for any solution of the equation
v = adp_,v. More generally, for any Lie group G and split momentum p we
call £ € g, tame if G}¢ is bounded. We denote the vector space of all tame
velocities for p by t,.

In the SE(2)-example we see that v”(t) € wj, := anng (t,) can grow
unboundedly along the »"-axis of the Cylmder Here anng. (tu) denotes the
annihilator of t, in gj,. The vector space w}, defined in this way for general
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groups G is called the space of wild momenta. We have the following theorem:

Theorem 2 '3 The relative equilibrium Gp is G-stable if a) its drift velocity
&p is tame and b) D*H, (p)lw:on, is definite.

The tameness of &, is necessary to get a critical point of the Hamiltonian h on
w}, ® Ni. If this is satisfied then definiteness of D*h|wxgn, yields stability of
the equilibrium 0 of the slice equations on Ny ® N; and the equality D?A(0) =
D2H;, (p)|n (see Patrick et al'®) gives the result. The theorem generalizes the
energy-momentum method of Lerman and Singer® and Ortega and Ratiu'® to
general noncompact groups. We show in Patrick et al'® that in fact tameness
of & is a necessary condition for any energy-momentum or energy-Casimir
method to apply.

Notice that in the SE(2) example instability on Ny & g7, is only possible
along the v"-axis. This is the set of momenta » which cannot be separated
from 0 by open neighbourhoods in the space of group orbits g*/G. In other
words, instability is possible exactly where g*/G is not Hausdorff. This is
no coincidence. Indeed, the stability theory described in Patrick et al'® uses
this as its starting point and the generalised energy-momentum criteria are
deduced from topological stability results on non-Hausdorff topological spaces.

8 A-stability of Hamiltonian relative equlibria

In this section we show that a G-stable relative equilibrium of (1) is actually A-
stable for A a certain subset of G that depends only on g. Again for simplicity
we assume that g = J(p) is split. Then by (3) the drift of nearby solutions is
governed by the equation § = gD, h(v,w), and since D, h(v,w) € g, we have
g(t) € g(0)G,. So the drift evolution g(0)~'g(¢) is in the momentum isotropy
subgroup G?,. Since any element % close to p has the bundle coordinates
& =~ (g,v,w) with g near id, and v, w small we get the following theorem:
Theorem 3 2 Let Gp be a G-stable relative equilibrium with split momentum
#=3(p). Then Gp is A-stable where A =) oy 9Go9" for any neighbour-
hood W ofid € G.

This result can be improved further by decomposing G, = L, K, where K,
is a subgroup for which there exists a K-invariant inner product on g*.
This can always be done using the Levi decomposition, for which K, is a
maximal compact subgroup of G?,, but some case K, can be chosen to be
larger than this. If G, is decomposed in this way then the subset A defined in
the theorem can be replaced by A = L) K, where LY =y sew gLug~! for
any neighbourhood W of id € G. In particular, if there exists a G'y-invariant
inner product on g* then a G-stable relative equilibrium with momentum u is
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G-stable, generalising results of Patrick'?, Lerman and Singer® and Ortega
and Ratiu'®.

As an example consider a rigid body in a fluid with coincident centres of
mass and buoyancy*. Then the symmetry group G is the special Euclidean
group G = SE(3) = SO(3) » R? of three space. If y is regular then G) =
SO(2) xR. A relative equilibrium Gp with this momentum g = J(p) typically
translates along and rotates around the SO(2)-axis, which we will assume is
the z;-axis. Denote rotations about the z,-axis by SO(2); and translations
along the z;-axis by Ry. Then G9% = SO(2); x R; = IR;S0(2); and we
can take K, = SO(2); and L, = IR;. The relative equilibrium is G-stable if
D?H,(p)|n, is definite. If it is G-stable then by Theorem 3 and the following
paragraph it is also A-stable with A = SO(2); x A® where A® = |Jzcw RIR1
for any neighbourhood W of id € SO(3). The set A® is a cone around the
a1-axis in the group of translations IR3, see Figure 3. The cone can be made
arbitrarily ‘narrow’ by choosing W sufficiently small, and trajectories will
remain near the resulting set Ap by choosing the initial conditions sufficiently
close to p. Leonard and Marsden* observed in numerical simulations that
nearby solutions indeed drift within such a cone.

Figure 3. The cone A%

9 Conclusion

In this paper we have given a summary of our results on the stability of
Hamiltonian relative equilibria. In contrast to our forthcoming article!® we
have restricted attention to the simplest possible cases and results, hopefully
getting across the main ideas at the expense of generality and optimality. In
subsequent publications we will present the general theory and apply them to
a variety of examples.



221

Acknowledgements

Financial support for this work was provided by the UK EPSRC, the London
Mathematical Society and the EC Research Training Network ‘MASIE’.

References

1.
2.

10.

11.

12.

13.

14.

V. 1. Arnold. Mathematical Methods of Classical Mechanics. Springer-Verlag, 1978.
B. Fiedler, B. Sandstede, A. Scheel, and C. Wulff. Bifurcation from relative equilibria
to noncompact group actions: Skew products, meanders, and drifts. Doc. Math. J.
DMV 1 : 479-505, 1996.

M. Krupa. Bifurcations of relative equilibria. SIAM J. Math. Anal. 21 : 1453-1486,
1990.

N.E. Leonard and J.E. Marsden. Stability and drift of underwater vehicle dynamics:
mechanical systems with rigid motion symmetry. Physica D 105 : 130-162, 1997.

E. Lerman and S.F. Singer. Stability and persistence of relative equilibria at singular
values of the moment map. Nonlinearity 11 : 16371649, 1998.

P. Libermann and C.-M. Marle. Symplectic Geometry and Analytical Mechanics. Rei-
del, Dordrecht, Holland, 1987.

. J.E. Marsden and T.S. Ratiu. Iniroduction to Mechanics and Symmetry. Springer-

Verlag, New York, Berlin, Heidelberg, 1994.
J. Montaldi. Persistence and stability of relative equilibria. Nonlinearity 10 : 449466,
1997.

. J. Montaldi and R.M. Roberts. Relative equilibria of molecules. J. Nonlin. Sci. 9 :

53-88, 1999.

J.-P. Ortega and T.S. Ratiu. Stability of Hamiltonian relative equilibria. Nonlinearity
12 : 693-720, 1999.

R.S. Palais. On the existence of slices for actions of noncompact Lie groups. Ann. of
Math. 73 : 295-323, 1961.

G. Patrick. Relative equilibria in Hamiltonian systems: the dynamic interpretation of
nonlinear stability on a reduced phase space. J. Geom. Phys. 9 : 111-119, 1992.

G. Patrick, R.M. Roberts and C. Wulff. Stability of Poisson equilibria and Hamiltonian
relative equilibria by energy methods. In preparation, 2001.

R.M. Roberts, C. Wulff and J.S.W. Lamb. Hamiltonian systems near relative equilib-
ria. J. Differential Equations, to appear.



TOPOLOGICALLY UNAVOIDABLE DEGENERACIES IN
BAND STRUCTURE OF SOLIDS
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A new kind of topologically unavoidable branch crossing in band structure of solids
is established. It is proven that there exists a great variety of 4-branch energy bands
in crystalline solids of the orthorhombic system in which the crossings are necessi-
tated by symmetry and topology. These crossings are different from conventional
degeneracies that follow from space group symmetry alone.

Symmetry labeling of eigenfunctions and energies in band structure of
solids was introduced in a famous paper by Bouckaert, Smoluchowski and
Wigner (BSW) [1]. They used symmetry points in k-space and the irre-
ducible representations of their symmetry groups (i for this labeling. This
approach reflects the local symmetry of the extended Bloch functions at the
symmetry points and their vicinity in the Brillouin zone. As is well known
Bloch functions can be built from atomic-like functions or Wannier functions
[2], which are localized in configuration space and carry the full information of
the Bloch functions but are not eigenfunctions of the problem. The symme-
try properties of Wannier functions were dealt with by Burneika and Levinson
[3], by des Cloizeaux [4], by Kovalev [5] and later by Zak [6] who defined the
concept of band representations of space groups. Unlike conventional repre-
sentations which give locally the symmetry in k-space, band representations
carry symmetry labels of entire energy bands and enable one to have a global
look at them. One distinguishes between simple energy bands with a single
branch (having one Bloch function at each k-vector in the Brillouin zone),
and composite ones with more than one branch (two or more than one Bloch
function at each E) When at a given & in the Brillouin zone there are d Bloch
functions (d > 1) with the same energy, we have a d-fold degeneracy at this k.
BSW [1] have carried out an analysis of degeneracies in energy bands based
on irreducible representations of space groups. Following this analysis Her-
ring [7] has raised the possibility of the appearance of accidental degeneracy
which may follow from symmetry and continuity of the energy as a function
of k in the Brillouin zone. The main feature of accidental degeneracy is that
it can be removed by changing the potential of the crystal, while keeping the
symmetry unchanged. Based on the notion of band representations, it was
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recently shown that in some crystals with 4-branch composite energy bands
a special kind of degeneracy exists which is a consequence of symmetry and
continuity, and for which the location in k-space of the degeneracy point can
be moved by changing the potential, but it cannot be removed as long as the
symmetry of the crystal is kept unchanged [8].

In this talk we show the existence of topologically unavoidable branch
crossings in band structure of solids. This is done for a great variety of crystals
with orthorhombic symmetry. The main tool is the notion of elementary
band representations [9], a classification of which was given in Ref. [10]. An
additional tool are the compatibility relations {1] when applied on a global
scale of entire energy bands or the so-called continuity chords (See item 2 in
Ref. 6). At the center of the Brillouin zone, % = 0 (the [-point) all irreducible
representations of orthorhombic space groups are one-dimensional (because
the point groups for these space groups are Abelian [1,11]). On the other
hand, on the surface of the Brillouin zone there are always symmetry points
at which all the irreducible representations (irreps) or co-representations of
non-symmorphic orthorhombic space groups are of dimensionality 2 or higher
(time-reversal included). With these facts in mind it will be shown that
there are numerous orthorhombic space groups for which branch crossings are
unavoidable by symmetry and topology.

The idea we are going to use for proving the rules for topologically un-
avoidable crossings in orthorhombic crystals is as follows: Let us start with
a short description of background material. An elementary energy band
which corresponds to an elementary band representation [9] has a number
of branches (w0, p) given by the formula (& is a maximal symmetry Wyck-
off position [12], and p specifies an irreducible representation D@0 of the
symmetry group G, of #):

(a8, p) = [dim D(“””)] 1PL (1)
IGul

where [dim D(‘”’p)] is the dimension of the irreducible representation D{%:)
of G and | P} and |Gy} are the numbers of elements of the groups P (the
point group of the space group of the solid) and G,,. The label (4, p) spec-
ifies the band representation in question, which is an induced representation
of the space group G induced from D(¥#) of G,,. Being an induced repre-
sentation from a finite order subgroup G, the band representation (7, p) is
infinite-dimensional and covers the infinite set of functions belonging to the
corresponding energy band. By reducing the band representation (7, p), one
can find its content in irreducible representations of the space group G at each
point % in the Brillouin zone. It is, in particular, easy to find this content at
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the point " in the center £ = 0 of the Brillouin zone [6]. For this, one just has
to find the representations of the point group P which are induced from the
representation p of the symmetry group GG,,. For orthorhombic space groups
their point groups P are all Abelian and therefore their irreducible representa-
tions will all be one-dimensional at the I'-point. As was mentioned above, for
all non-symmorphic orthorhombic space groups, on the surface of the Brillouin
zone there are always symmetry points at which all the irreducible represen-
tations (including co-representations) are of dimension 2 or higher [13]. For
checking whether a crossing of two branches appears we are going to follow
pairs of one-dimensional representations for a given elementary energy band
that initiate at the I'-point as two separate one-dimensional representations
and end up at symmetry points on the surface of the Brillouin zone that have
two-dimensional representations only. In order to see how this is done let us
consider as an example the orthorhombic space group # 61 (D1}, Pbca). This
group has 2 maximal symmetry Wyckoff positions [12]:

a = (000), b= (00—;) 2

For a and b the symmetry groups G, and G, contain the unit element
E and the inversion I, and are isomorphic to the point group C; [13].
There are 4 (2 from each Wyckoff position) four-branch elementary band
representations (), p) (¥ = a or b and p = 1,2) for the space group Pbca
according to Eq. (1), since |P| = 8, |Gw| = |Ci| = 2 and each of the 2
irreducible representations of C; are one dimensional (dim D(@?) = 1). The
elementary band representation {a, 1) induced from the trivial representation
of C; contains the four even representations of the point group Dg; (See
Table I, irreps 1-4) at the symmetry center ' in the Brillouin zone. On the
surface of the Brillouin zone there are usually a number of symmetry points
which have 2-dimensional representations only. In Table IT we list those
points for the orthorhombic space groups that are continuously connected
by symmetry points inside the Brillouin zone (column 2 in Table II) with
non-trivial symmetry elements (column 3 in Table II). It is important to
point out that this possibility to follow continuously some symmetry elements
along lines from the center I' of the Brillouin zone to the surface will be used
below as the main tool in establishing the branch crossings. For the example
under consideration (group D1%), we give in Table III the characters of the
two-dimensional representations at the symmetry points on the surface of the
Brillouin zone X,Y,Z A,D and H at which there are only two-dimensional
irreps (the characters are taken from Ref. 13, pages 101, 102). In the upper
row of Table III the point group elements of Pbca are given (in general,
they appear with partial translations [12,13]). In the first column of Table
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IIT we list the symmetry points on the surface of the Brillouin zone (see
Table II for their coordinates), which have two-dimensional irreps only for
the space group D;g. The subscripts 1 & 2 number the different irreducible
representations. In the last column of Table IIT we list the symmetry points
in the Brillouin zone which continuously connect the center I' with the
corresponding symmetry points on the surface of the Brillouin zone in the
first column. The underlined characters in Table III identify the symmetry
elements of the symmetry points in the last column (see also Table IT). We
are now ready to discuss crossings of the branches of the elementary energy
band that correspond to the elementary band representation (a,1) of the
orthorhombic group Pbca. As was pointed out above the band representation
(a,1} contains the irreps 1-4 of Dg at the I-point {See Tabie I). In which
order these representations arrange according to energy cannot be determined
from symmetry considerations alone and this order depends on the specific
form of the periodic potential of the crystal. However, no matter which order
is chosen for these 4 irreps, it is shown in what follows that the branches in
the (a, 1) energy band have to cross. This is seen from the fact {see Table III)
that in the I" — X direction (including X') the character x(o¥) = +2, while
in the I" — A direction including A, x{¢¥) = 0. This leads to unavoidable
crossing in either X or A-direction. Indeed, by pairing the irreps 1-4 as in
Figure 1 (1&3 and 2&4) in order to avoid crossing in the X-direction for
x(0¥) = %2, we necessarily have crossing in the A-direction for x(c¥%) = 0
(in this direction there are 2 choices of pairings with each of them leading to
crossing, See Figure 2a.b).

In the above analyzed example for the Pbca space group we had
x(o¥) = £2 for the X-direction. Table III shows that in the Y-direction the
character of 0% is x(0*) = £2. Such a character requires the pairing of 1&
4 and 2&3. Comparing this with Fig. 1 for the X-direction, the conclusion
is that there is unavoidable crossing in one of the directions X or Y. Having
chosen the order of the irreps like in Fig. 1 to have x(o¥) = =*2 in the
X-direction, we shall necessarily get a crossing the Y-direction for satisfying
the requirement y(o?) = +2, Fig. 3.

Consider now the directions A, D and H in Table III and notice that
in the A-direction, x(¢6¥) = 0, in the D-direction x(0*) = 0 and in the
H-direction x(6®) = 0. From Table I it is seen that no pairing of the irreps
1-4 exists that would lead to the vanishing of the characters for all the 3
elements ¢®, o¥ o“. This means that crossing is unavoidable in one of the
directions A, D or H [14]. A possible crossing situation is shown in Fig. 4,
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where we have chosen the ordering of the irreps 1-4 of Dgy, at I in such a way
as to avoid crossing in the A and D-directions, but then there is necessarily
a crossing in the H-direction (if we had chosen the ordering of the irreps like
in Fig. 1, then there would be no crossing in the D and H-directions, and
the crossing would necessarily appear in the A-direction) A similar analysis
with similar results can be carried out for the other 3 band representations
(a,2), (b,1) and (b,2).

In conclusion, we have established branch crossings in four-branch bands
in crystals with orthorhombic symmetry Pbca. One can show that similar
crossings appear in a great variety of other 4-branch energy energy bounds of
the orthorhombic system. A detailed list of these crossings will be presented
in a separate publication. Here we would like to point out that according to
our preliminary results and to Ref. [15] such crossings appear in very many
different materials (about 2000 crystals) which makes the results of branch
crossings of much practical interest. We would also like to point out that work
on this project has started with Louis Michel [8,9,16].

Tables and Figures

Dop—mmm | E U® UY U* o® o¥ o* 1T

1 1 1 1 1 1 1
1 -1 -1 1 -1 -1 1
-1 1 -1 -1 1 -1 1
-1 -1 1 -1 -1 1 1
1 1 1 -1 -1 -1 -1
1 -1 -1 -1 1 1 -1
-1 1 -1 1 -1 1 -1
-1 4 1 1 1 -1 -1

00 ~I O Ut i W N =
e e

Table I Irreducible representations of the point group Dyy. The U¥® is a rota-
tion by 7 around the z-axis (respectively y and z-axis), the o% is a reflection
in the plane perpendicular to z (respectively y and z}. I is the inversion.



Points on surface

points inside the

symmetry for points

of BZ the BZ inside the BZ
Z(00%) (00k.) U?c%g¥
X (200) (kz00) UTg¥g*
Y(050) (0k,0) Uvog®o?
U(Z0%) (k-0k) o¥
T(0F% (Okyk,) o”
S(2%0) (k2k40) o*
A(kz0Z) (k-0k) oV
C(k:50) (kzky0) o
B(0k,Z) (Okyk,) o”
D(Zk,0) (k< ky0) o
G(Z0k.) (kz0k>) o¥
H(0Tk.) (Okyk,) o”
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Table IX Symmetry points and symmetry elements on the surface and inside
the Brillouin zone. For the latter their symmetry elements are given in column

3. For notations see caption for Table 1.

Points on surface Symmetry elements and characters points inside
of the BZ E U UY U 1 of o¥ o the BZ
X1, 2 0 0 0 0o 0 £2 0 (k=00)
Yia 2 0 0 O 0 0 0 =2 (0k,00)
Zys 2 0 0 0 0 £ 0 0] (00k)
A 2 0 0 0 (kz0k)
D 2 0 0 0| (kky0)
H 2 0 0 0 (Okyk,)

Table ITI Symmetry points on the surface of the Brillouin zone (BZ) and the
characters of the corresponding irreps (taken from Ref. {13]). The underlined
characters correspond to symmetry elements of the points inside the BZ.
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Figure 1. Schematic energy graphs for the band representations (a,1) of
the space group#61 in the direction X in the BZ. The numbers on the left
are for the irreps of Dy, and on the right for the irreps of G x, the symmetry
group of the symmetry point X.

Figure 2. 2a and 2b are schematic energy graphs like in Fig. 1, but for
the A-direction. 2a and 2b give different allowed pairings or irreps.

Figure 3. Schematic energy graphs like in Fig. 1 but for the Y-direction.

Figure 4. 4a, 4b and 4c are schematic energy graphs like in Fig. 1, but
for the directions A, D and H. The order of the irreps of Doy was chosen in
such a way that there is no crossing in A and D-directions, but then there is
a necessary crossing in the H-direction.
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The Scientific Committee of the “Symmetry and Perturbation Theory
2001” conference has decided to organize a special session dedicated to the
memory of Louis Michel, who passed away on 30 December, 1999.

Louis Michel have not participated personally to the previous “Symmetry
and Perturbation Theory” meetings but his influence on the subjects encom-
passed by the present conference can be hardly overestimated.

Louis Michel was born in 1923 in Roanne, France, and graduated from
Ecole Polytechnique. He spent a number of years in the most prestigious
centers for theoretical physics, such as Niels Bohr Institute in Copenhagen
(1950-1953), and The Institute of Advanced Studies in Princeton (1953-1955).
In 1962, Louis was appointed as Professor of Physics at the fnstitut des Hautes
Etudes Scientifiques (IHES), where he worked until his death. Louis has been
a Member of the French Academy of Science since 1979 and is a recipient of
the Wigner Medal (1984).

Louis started his scientific work in particle physics with publications in
such a reputable journal as Nature. The “Michel parameter”, introduced by
Louis for the description of muon decay into an electron and two neutrinos,
has been widely used in the interpretation of experimental data until today.

Symmetry arguments were always his main tools, starting from the dis-
covery of isotopic parity (later known as “G-parity”) and the description of
polarization of elementary particles. Analysis of conservation and of violation
of symmetry in different domains of physics became the favorite subject of his
scientific interest.

Louis always tried to give mathematically precise formulations of symme-
try arguments in physics and to apply general statements to concrete physical
systems where the mathematical predictions could be verified in details.

Louis liked to state: “Symmetry enters physics through the group ac-
tions”. That is why he devoted a large part of his life to the development
of mathematical methods related to the study of group actions for physical
problems. Whereas a lot of scientists worked on application of linear represen-
tations of groups in physics, Louis Michel studied general non-linear actions,
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formulated important physical statement using such mathematical notions as
group orbits, strata, group extensions, cohomology, and so on. Now we see
clearly that these important notions becomes more and more appreciated in
different domains of physics because they enable us to unify our models and
our language.

It should be noted that quite often scientists working in different fields
could hardly understand each other even when mathematical models seems
to be quite similar. Louis discussed easily with representatives of both com-
munity, with mathematicians working on abstract theory and with physicists
working in different fields, particle physics, solid state, crystallography, astro-
physics, molecular and atomic physics, quantum chemistry.

He also was always ready to discuss concrete problems with young physi-
cists. His reviews were addressed mainly to this new young generation of
scientists with the hope that the general methods and models he developed
will be applied in wider and wider fields with more and more concrete partic-
ular results.

We give below a short list of Louis publications which includes his main
reviews 7+8:15:24,25,26,27.28 514 some selected papers to show different subjects
studied by Louis Michel in various periods of his life.
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